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Abstract

The problem of delay-distribution-dependent mean-square stability for networked control
systems with stochastic network induced delay and data packet dropout is concerned in this
paper. By viewing the stochastic delay and data packet dropout as stochastic time-varying delay,
which is assumed to be satisfying a interval Bernoulli distribution, a new approach is given to
model the networked control systems. Based on the linear matrix inequality approach, a new
stabilization criterion is obtained to design the feedback controller which makes the closed-loop
systems mean-square stable. A numerical example is provided to demonstrate the validity of the

proposed design approach.

Key words :

Networked control systems; stochastic delay; mean-square stable

1. Introduction

It is well known that a feedback control system in which all devices(sensors, controllers and
actuators) are interconnected by communication networks is called networked control
systems(NCSs).Compared with the traditional point-to-point architecture control systems, the
networked control systems have the advantages of high mobility, low cost, easy maintenance and
reconfiguration. For these advantages, the networked control systems receive more and more

attention and had been a very hot research topic!' ™.

However, the network itself is a dynamic system that exhibits characteristics such as network-
induced delay and packet losses. The insertion of the communication network induces different

forms of time delay uncertainty between sensors, actuators and controllers. These time delays
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come from the time sharing of the communication medium as well as the computation time

=121 1t is well known in

required for physical signal coding and communication processing
control systems that time delays can degrade a system's performance and even cause system
instability. Another significant difference between NCSs and standard digital control is the
possibility that data may be lost while in transit through the network because of uncertainty and
noise. And the worked-induced delay or packet losses are usually stochastic and described by a
two-state Markov chain, which is especially common in wireless communication networks such
as Bluetooth and WLAN. Different methods have been developed to deal with the above

[13-15

problems I, The stochastic optimal control of networked control systems whose network-

induced delay is shorter than one sampling period is studied using the time-stamp technique'*!.
By viewing the time-varying network-induced delay as parameter uncertainty, the stabilization of
networked control systems with delay shorter than one sampling period is studied and sufficient

conditions expressed in linear matrix inequality are presented in [15].

In this paper, our objective is to consider the problem of delay-distribution-dependent
stability for networked control systems with stochastic delay and data packet dropout. A new
approach is given to model the NCSs. Based on the Lyapunov stability theorem a new

stabilization criterion is given.

2. Problem Formulation
Consider the following control system
&t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t) (1)
x(t,) = x,
Where x(¢)ER"is the state vector,u(f)ER™is the input vector, y(f)ER"is the controlled

output, x, is an constant vector. 4,B,C and D are known real constant matrices with

appropriate dimensions.

Throughout this note, we suppose that all the system's states are available for a state
feedback control. In the presence of the control network, which is shown in fig.1, data
transfers between the controller and the remote system, e.g., sensors and actuators in a
distributed control system will induce network delay in addition to the controller proceeding
delay.

In this note we make the following assumptions:

Assumption 1: Sensor and controller are clock-driven;
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Assumption 2: Actuator is event-driven.
In fig.1,7%1s the communication delay between the sensor and the controller; 7°is the
computational delay in the controller;7“is the communication delay between the controller

and the actuator. Here we suppose that 7, =7" +7° +7“ €[0,7]is stochastic network-

induced delay, where7 is a constant. d(k)E[0,d] is the stochastic data dropout number

between the sensor and the actuator.
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Fig.1 A typical networked control system
We introduce the stochastic delay /(¢)to denote the stochastic delay and data packet dropout,
where h(t)=t—-t, +d(k)T +7,.where h(t)€[0,7,], 7, =1+ d)T +T .
With the state feedback controller
u(t) = Kx(t) (2
where K& R™" is a constant matrix to be obtained.
We know that
u(t) =Kx(t,) = Kx(t, —-d(k)T —t,) = Kx(t — h(?))
Inserting the above controller into systems (1), we obtain the closed system:
&) = Ax(t) + BKx(t - h(t))
y(@t)=Cx(t)+Du(t) t€[¢t.t,,] k=12,L (3)
x(¢) = ¢(t) tE[t, -1,, t,]
Where h(t)is stochastic on[0, z,]without any constraint on its derivative. The initial

condition of the state x(¢) on tE[t, -7,, t,] is supplemented as x(t) =¢(t), tE€[t, -7, t,],

#(2,) = x,, where ¢(¢)is a continuous function on [¢, -7,, ¢,].



It is assumed that there exists a constant 7, €[0, 7,) such that the probability of A(¢) taking
values in [0, 7,)and [z;, 7,] can be observed. In order to employ the information of the
probability distribution of the delay in the system model, the following sets are proposed firstly

Q ={t:h)€0, 7))} Q, ={t:h()€E[r, 1,]}

Obviously, Q UQ, =R"and Q I Q, =D.

Then we define two functions as:

Lo _[h0 €9 fh) reQ,
1”‘{0 a0 m-{q .

Corresponding to /(¢) taking values in different intervals, a stochastic variable £(¢) is defined

1EQ,

1
p) = {0 tEQ,

Where we suppose that S(¢) is a Bernoulli distributed sequence with
Prob{f(t) =1} = E{p(t); = B
where f€[0,1] is a constant.
By using the new functions A, (¢),h,(t) and stochastic variable 3(¢), the systems (3) can be

equivalently written as

&) = Ax(1) + f(t) BKx(t - b (1)) + (1 - B()) BKx(t — h,(1))
y(t) = Cx(t)+ Du(t) t€[t.t,,,] k=12,L (4

x(2) = ¢(2) 1€ty -7, 1]

3. Main Results

Lemma 1" For any vectors a,b and matrices N, X,Y,Z with appropriate dimensions, if

the following matrix inequality holds

then we have

T

r . a X Y-N]la
-2a" Nb < inf ; ;
xyz|b| |Y =N Z b

Y(x) W(x)

Lemma 2'°! The LMI [ . } > 0 is equivalent to

R(x)

R(x)>0,Y(x)-W (xR (X)W (x)>0
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where Y(x)=Y"(x),R(x) = R" (x) depend on x.

Theoreml1. For the networked control systems (4), if there exist positive-definite matrices

P,0,,0,€ER™, matrices KER™", X, Y, i =1,2 with appropriate dimensions , such that the

following matrix inequalities hold
611 612 813
0= * 0, 0,]|<0
* % @33

where
0, =PA+ A P+1 A" QA+1,X,,+T,A'QA+T, X, +Y, + Y| + Y, +Y)
®12 = PﬁBK"'TlATQJjBK +71X112 +TzﬁAerBK +72X212 _Yll + YIZ +Y2€

0,=(1 _ﬂ)PBK+771(1_/3))ATQ13K+771X113 +Tz(1_ﬂ)ATQ23K +7,X,; -1, + Ylg +Yz§

®22 = TlKTBTQlﬁBK +7X 1y +TzﬂKTBTQzBK +7, X — 1 - Ylg
0y =1 X 13 + T, X5
0, =7,(1-HK'B'OBK +7,.X,;, +7,(1- B)K'B' 0, BK +7,X ,;, - V,, - ¥

With the controller (2), the network control systems (4) is mean-square stable.

Proof Choose a Lyapunov functional candidate for the systems (4) as follows

V) =N +V,0)+V3()
where
V() = x" () Px(t)
0
o= [, &0Hs)dsdo
0
B =[ [ B )08s)dsdo
where P,Q,,Q, positive-definite matrices with appropriate dimensions.
Then, along the solution of systems (4) we have
(o) = 24" () PAE(0)
where

EO)=[x"(1) x'(t-h®) x"(t=-h0)
A=[4 B®)BK (1-(1))BK]

)

(6)

(7

®)

D)



1) =7 (VA" QAEW) - [ K (5)08s)ds
and
B0 =7, (A" Q,AE() - [ &(5)0,85)ds
We know
x(6) = x(t - h (£)) - fh  &s)ds =0
x(t) - x(t = hy (1)) - j:_hz(t)&s)ds ~0

With two 4nxn matrices

Nl Ml
N=|N,|.M=|M,
N3 M3

We know

0= & (ONLx(O) -t~ h ()~ [ Fs)ds]

Iy (1)
0= & OMIx(O) - x(t=hO)~ [ Hs)ds]
By the lemma 1, we obtain

)| |+ 0 ||%
= 28 (K [x() -2~ O +hOF OXEO+ [ E($)0™s)ds

< 2&" (OY[x(t) - x(t - h ()] +71,E" ()X E(2) +ﬁ R ()0, 8s)ds

and
0= 25" (DY [x(2) - x(t = By ()] +T,E (1) X, (1) +jj—r2 & (5)0,%s)ds
where
Xy Xy X Y,
Xo=| * Xy Xy|Y=|Y,|i=12
* . Y,

With the (9-13), we can obtain

E{&t)} = E2x" (1) PAE(t) +T.E" () A" QAE() + 2&" (DY [x(1) - x(t - hy(2))]
+7,ET (DX E(W) +T,ET () AT QAE(t) + 2ET ()Y, [x(1) - x(1 = hy(1))]
+ 7,5 (1) X,E(0)}
=E(HOE(1)

(10)

(an

(12)

(13



With the Lyapunov stability theorem and the inequality (5), we know that the system (4) is

mean-square stable.

Theorem2. For the networked control systems (4), if there exist positive-definite matrices

P, QI,QZER””’, matrices K ER™", X,,Y,,i =1,2 with appropriate dimensions , such that the

following linear matrix inequalities hold

(B, E, E; npPA 1(1-pPA" 7,pPA  1,(1-p)PA" ]
* 2, B, r,fK'B’ 0 7,BK"B" 0
% B, 0 7,(1-BK'B" 0 7,(1- B)K'B"
* % % - lﬁQ 0 0 0 <0
ook * -1,(1- $)O, 0 0
* * * * * —TZ/Q)Qz 0

| * ¥ * * * -7,(1- §)0, |

[Xl Y -0
* 0]

[Xz 8 -0
* Qz_

where

[1]

0= —AP + PA" +‘L'1ATQ1A+1'1)_(lll +'52)_(2“ +)7ll +)7”T +)721 +)72f
L =BBK+1.X,,+1,X,,-Y +Y) +Y}

5=(0=B)BK +7.X,, +1,X,,, -V, + ¥} + Y}

=T Xy +1,X,,, =Y, =Y

23 = Tle + TzXzzs

104 I 64 I 64

[1]

v v oT
33 = Tle + TzX233 - Y23 - Yz3

[1]

With the controlleru(¢) = KP™'x(t), the systems (4) is mean-square stable.

Proof. Now we proof that the inequality(5) is equivalent to the inequality(14). Obviously,
by the lemma2, the inequality (5) is equivalent to

4’04 A'QBK 0 404 0  A'QBK
O+7,8| =  K'B'QBK O|+7,(1-8)| = 0 0
* * 0 * « K'B'"QBK
A0 4 A'QBK 0 A0, 4 0  A"O,.BK
A K'B"Q,BK 0|+7,(1-8)| = 0 0
* s 0 * % K'B'Q,BK

T e RS By
g A g e

where

(14)

(15)

(16)



I, I, II,
M= = sz H23
% % 11

33
Hll = PA+ATP+71X111 +TzX211 +Y11 +Yl{ +Y21 +Y2€
le = /J)BK"'Tlelz +TzX212 _Yn +Y1§ + ng

Il,; =(1-B)PBK +7,X,; +7,X,,; - ¥}, +K§ +Y2§

T
sz = rlezz + TzXzzz - le - le
H23 = Tlezs +72X223

T
H33 = 71X133 +72X233 - Y23 - Yz3

7,p4'Q, ]
a=|t,BK"B"Q,

0
7,840, ]
y=|t,BK'B'Q,|,0 =
0

-771 (1 - ﬁ)ATQ1
0
7,BK"B"Q,
[7,(0-$)4"0,

0

TzﬁKTBng

By the lemma2, we know that the above inequality is equivalent to

-Qn Q, Qg T1/J)ATQ| 7,(1 _ﬁ)ATQI Tz/J)ATQz Tz(l‘ﬁ)ATQz ]

« Q, Q, 7,K'B'Q 0 7,BK"B"Q, 0

* 0 Q.. 0 T, (l—ﬁ)KTBTQl 0 172(1—/)’)KTBTQ2
% % % -7,50, 0 0 0

£k e 1-p0, 0 0

* * * * * _TzﬁQz 0
S . . —2,(1- A0,

where

Q,=PA+A'P+1, X, +1,X,,, + Y, +Y +Y, +Y)
Q, =BPBK +1, X, +1,X,,, =Y, + Y. + Y]
Q,=(1-B)PBK +1,X,, +1,X, ;- Y, + ¥} + Y},
Q, =1X, +1,Xy, - Y, - Y]

Q. =17,X,, +7,X,,,

Q. =7 X,;, +1, X, — Y, - Y

<0

(17)

Pre- and Post-multiplying the inequality (17) bydiag(P™ P P I o' o' o 0",

and giving some transactions p-p' 0=Q",0,=Q,",K=KP™", X,

—1 —1
ijk = P Xi/'kP H

i=12;j=12,3, we know the inequality (17) is equivalent to (14).

4. Numerical Example

Consider the networked control systems in the form of (4), where

8

N -1 -1
Y, =P'y,P,



02 0 0 01 0 0.01
A= B=| |.C= D= , =04
0 04 0.1 0 0.01 0

Solving the linear matrix inequalities (14-16), we can obtain the gain matrix K of the
stabilizing controller u(¢)

K =[-0.5692 1.5781]

l , the simulation results are shown in the

1
By selecting the initial condition x(0) = [

following figure,
System State x1
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In the above figure, one can see the systems (4) is mean-square stable.
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5. Conclusion

In this note, we consider the problem of delay-distribution-dependent mean-square
stability for networked control systems with stochastic delay and packet dropout. By giving a
new model of networked control systems, a new stabilization criterion is obtained to design
the feedback controller.
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