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Abstract

The present paper models the restricted three body problem, considering the generalization
that the orbits of the primaries are taken to be elliptic and the two primaries are considered to be
sources of radiation and all three participating bodies are considered as oblate spheroids.
Hamiltonian of the problema is derived and then normalized using well-established normalization
techniques. The range of values of pu and e for the linear stability of triangular equilibrium points
have been found in presence of resonance. The stability of some of the cases of third order
resonances has been simulated and explored graphically. The linear stability is observed in the
resonance cases 3\ =—1, 3k = —2 and A + 2X2 = 0, where as the triangular points are found to

be linearly unstable in the case A1 — 2h> = 2.

Key words
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1. Introduction
The photo-gravitational elliptical restricted three-body problem deals with the motion of a
passively gravitating infinitesimal particle, which in addition to the gravitational force, is affected

by the repulsive force of the light pressure from one or two primary bodies. The primaries are
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assumed to be moving in elliptical orbit. This problem is obtained as a generalization of the
Circular Restricted Three Body Problem (CRTBP), where the eccentricity of the orbits of the
primaries is assumed to be greater than zero. The CRTBP with the effect of the radiation
pressure, when one or both the primaries of the system are the source of radiation, was discussed
by Radzievskii [25, 26].

The rotation of celestial bodies produces an equatorial bulge, which results in the oblateness
of the body. In classical problems the primaries are taken strictly as spheres but some planets and
stars are sufficiently oblate to make departure from sphericity significant in the study of celestial
systems. The influence of eccentricity of the orbit of the primaries with or without radiation
pressure, oblateness and triaxiality of the primaries was studied by many authors
[1,3,7,13,15,16,18,20,21,24,29,34,36] and others. Kumar and Ishwar [16] investigated the
stability of the collinear liberation points when both the primaries are oblate and radiating
whereas Singh and Aishetu [30] studied the stability of the triangular equilibrium points when
both the primaries are oblate and radiating. Narayan and Singh [22, 23] studied the motion and
stability of triangular equilibrium points when the primaries are radiating.

The restricted three body problem when the oblateness of the infinitesimal is considered was
also studied by some authors [4, 5]. Singh and Haruna [28] investigated the problem considering
all the three participating bodies as oblate spheroid and reported the presence of five collinear
equilibrium points. Also, they examined the stability of all the planar equilibrium points. [31]
studied the dynamics of the planar ERTBP considering the oblateness of all three participating
bodies and applied the model to binary pulsars.

In the study of phenomenon of resonance in the dynamics of solar system, Roy and Ovenden
[27] established that among the planetary and satellite systems, the occurrence of
commensurability between the pairs of mean motions is more frequent than in a chance
distribution. The existence of a mean motion resonance between a pair of objects can lead to a
repeating geometrical configuration of the orbits which guarantees stability even if the resonance
1s not exact, since there is still the possibility of stable liberal motion around an equilibrium point.
Therefore, it is important to have an understanding of the dynamics of resonance. Since the late
twentieth century until today, the enormous number of researches has enriched the study of
Restricted Three-Body Problem (RTBP), by considering the influence of the various perturbing
forces such as eccentricity of orbits, forces due to radiation pressure and oblateness. Markeev [19]
studied the stability of equilibrium points in the presence of resonance greater than equal to 3 for
the Hamiltonian system of an infinitesimal moving under the influence of two large gravitating

bodies. Kumar and Choudhary [14] generalized the results given by Markeev by considering
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doubly photogravitational elliptic restricted three body problem. Ferraz-Mello [6] derived a
completely integrable dynamical system that represents the averaged motion of an asteroid
moving in a first-order resonance with Jupiter. Hadjidemetriou [9] considered the resonant
structure of the restricted three body problem for the Sun- Jupiter asteroid system in the plane is
studied, both for a circular and an elliptic orbit of Jupiter and studied three typical resonance
cases, the 2:1, 3:1 and 4:1 mean motion resonance of the asteroid with Jupiter. The resonance
cases of libration points for restricted/elliptic restricted three body problem was analyzed by
many authors: Henrard and Caranicolas [10—12], Hadjidemetriou [8], SubbaRao and Sharma [32],
Thakur and Singh [33], Beauge’ etal. [2], Usha and Narayan[35] and many others.

In this paper, we attempt to present a generalized result for the restricted three body problem
of linear stability around triangular equilibrium point taking into consideration third and fourth
order resonances. Our results are generalized in the sense that the eccentricity of the orbit is
considered to be non-zero and oblateness of all three participating bodies are taken into
consideration. Also the two primaries are assumed to be radiating bodies.

The present paper is organized as follows: Section 1, presents a brief introduction. In Section
2 the equations of motion are presented and triangular equilibrium points are obtained. Section 3
focuses on Characteristic Roots and First order stability for the case when e = 0. In section 4,
various canonical transformations are employed to obtain the normalized Hamiltonian for the
system; in this section we follow [15]. In section 5, a study of resonance cases is presented. The

discussions and conclusions are drawn in Section 6.

2. Equation of Motion

Assume that mq, m, and m are the masses of the bigger, smaller and infinitesimal bodies
respectively, where m; and m, have elliptical orbits and m is moving under their gravitational
effect but the mass m being too small does not affect the motion of the primaries.

Let A, A, and A; denote the oblateness factor of the bigger primary, smaller primary and
infinitesimal respectively. Also g;and g, are assumed to be mass reduction factors of the two
primaries. The frame of reference is so chosen that the distance between the primaries and

gravitational constant are unity. Also the sum of the masses of the primaries is taken to be unity

my
1+my’

and mass ratio is given as y = Thus, position offirst primary is (4 0, 0) and second

primary is (LL— 1, 0, 0). Then the equation of motion in the pulsating rotating barycentric frame

of reference is given as:
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1 .

x'—2y = 1+ecosf *’
n I __ 1 *

y'+ix = 1+ecosf Uy' (1)
no__ 1 *,

z = 14+ecosf 2’

where,
« _ X2+y? 1 _ q1 , q141+43 Q2 | 242143

Ur = 2 + n2 [(1 W (r1 + 213 ) + 'u(rz + 2r3 )] @)

Here, f denotes the true anomaly of one of the primaries and (‘) denotes differentiation with
respect to f. Since the motion of the primaries are not affected by the infinitesimal body, the mean

motion n [29] is given by
1 3
n* = 5(1 +o(e? +4; + AZ)). (3)

The perturbed Hamiltonian of the dynamical system described by the equations of motion

given by the system (1) is presented as follows:

12, 12 2
x +y ’ ’ T 1
H= === 0x=xY)+ B+ B + By = Bx = [(1 =)+ - (u +
q1A41+A3 T3 1 q2A2+A43
2r? )) T ‘u(7 T n2r, (CIZ ol 2r2 ) (4)

where, P, and P, denotes the generalized components of the momentum. The triangular
equilibrium points in the case of planar three body problem is obtained by solving the equation,
H,=0,H,=H, =H,,=0 for'=x"=y"=y"=0=2z. The triangular points given as

((x*,xy", £px, *py) in linear trems of all the perturbing factors is given as:

USSP 0T N

O L | ©
p;—?(1—282—ga—glﬂ_%ﬁz_%_?)'

py=y-n+ oD -S4
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3. Characteristic Roots and First Order Stability
In the further analysis, the nature of motion near the triangular point L,is studied, as
Ls is symmetrical to L,. Assuming (qi, pi), i = 1, 2 to be the variation in the coordinates of the

triangular point L,, the variational equations may be written as:

dqi _ OH dpi _ _OH . _

aF "o ar T g =12 ©
where,

H:H0+H1+H2+"‘, (7)
Hy, = cont, H; = 0, )
H, =H” + HV )

For H,, the two parts are given as follows:

2+ 2 1 5
HY = p1a, — pos + P22 + [G+ A@)gZ = (K = BD)quq, — G+ C @3] (10)

and

ecosf
1+ecosf

Hy = (G~ 4)a? + (K = B) 0, + G+ C) 3] (11)

Here, HZ(O) denotes the value of the second order Hamiltonian when eccentricity e is assumed

to be 0 and the values of the coefficients are as follows:

2
a=Z-+2a-3p-2e-sw-2a-Ip+2a-Ipn+S-140+
945 7
- 1=z,
11 5 A 59
B =3[~ eX(1~ u)+%(1+u)—%(2—u)—;“(1—2@—71(7—;#)—/12(2—
943 29a 38
g#)— (1- ) — (1=l
K =22(1-2w (12)
2
c=2@3-20+20-3n-22-3W+2E+2n+22E -2 -2 95—

33,413

220p) ——= 1A -
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The values of coefficients A®, BO, C® and K© are obtained from A, B, C and K by

substituting e=0.The canonical transformation for the second order Hamiltonian H» isgivenby

dqi _ O0H, dp; _  0H

dt ~ op;’ dt a_qi; (i=12) (13)

where, Hz is given by equation (9). Thus the canonical equation of motion is obtained as:

41 —2q, = A"q, + B*qy;

G2+ 241 =B'q1 + C7qy; (14)
where,
A =§—2A,
4
B* =K —B,
c* =2+ 2C.
4

Here, ( “ )denotes differentiation w.r.t time t. Assuming that the solution for the system of

equations given by(14) are qi=Le and q;=Me™, the characteristic equation is obtained as:
M4+ (@4—A=CHI+AC*—B?* =0 (15)
The equilibrium position is stable, if the roots of equation (15) are purely imaginary, thus

solving the obtained condition for the case when both the frequencies are equal, we get the value

of pradmisible for stable equilibrium point denoted by u(© as:

,u(e) _ §<1 _ \/;) 98j1 9\/_ (22 _ (703;/@_ 1027375) a) _%(1 . \/E — (83283 —
7489 ) Ay~ (44 55 - (S - ) )+ 2 (4 s+ (TR 2229 ) +
B>

J(H (529 + 4Ve9)a) i~ - (7 + (5~ o) @) (16)

And the value of pLadmisible for stable equilibrium point for the case when e=0, denoted by

Y is given as
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1© =0.0385209 — 0.419121a — 0.7958844, — 0.407974A, — 0.682187A4; —
0.00891747B,  — 0.008917478, (17)

4. Normalization of the Hamiltonian function H,

In this section we shall study the stability of the triangular points in elliptical restricted three
body problema adopting the method given by Markeev [19]. For subsequent studies, we first
normalize the Hamiltonian upto second order given by (9). For normalization, we consider the

canonical transformation

(91,92, 01,02) = (4", 4", 0" 1 D',), (18)
where ,

[@1 @1 —ai a1(1—w%b1)]
Az 4202 —ayc, a,(1— wiby)|

N = I
| o a,b; a;(1—by) ag
0 —axb, a,(1—-Dby) —azc
1 2l
a; =5 ("% (19)
i 2
1
b; = %
_ —(K-B)
[ 1 ’
and

li :2+2C+(1)l‘2.
4

Assuming the frequencies w; and w,, are given by the relation w? = —{/15(’)2)}2 and w3 =

—{Ag?i}z and the values are obtained as:

119

1 2 2 94 61
(0122 =5[1 2 {1=27p(1 = WA+ 5B + 5 + 5 a+ Ay + Az + 1743)}/? x

(1— =& — 64, — 34, — 643)]. (20)

The transformation (18) reduces the Hamiltonian (9) to the form

1 1
H'z = (0 +wiqy) =5 (05 +wiq';)

)
ecosf ’ Vg oz 1Y1_ . 'V2,
1+e COSf 21)1+1)1+]/1+]/2=2 a Ul+01+]/1+)/2 CI1 q2 pl p2 ) (21)
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where,

@300 = (G—A) + (K = B)e;, + (3 +C)cf)a}
a'oz00 = ((Z—A) + (K — B)c, + (§+ C) c%)a%,
a'0020 = (g"' C) ag bf,
@002 = (Z"‘ C) a3 b3,
@'1190 = (G —24)+ (K = B)(c; + &) + (2 +2C) s ) a,a, (22)
a'1010 = ((K -B)+ (§+ ZC) cl) a? by,
a'i001 = — ((K —B) + (§+ ZC) cl) a,a,b,,
a'1010 = — ((K —B) + (g + ZC) cz) as by,

! 9
o110 = ((K—B) — (g + 2C)c1)asa; b,

, 9
A oo11 = _(g + 2C)a,a, by b,.
Next we apply the transformation
’ ’ ’ ’ 1 - 1 . ~ -
q1,92pP1,02)= (ﬁ%,ﬁ%,\ﬂ% D1, Vw2 P2) (23)

Consequently, we obtain the Hamiltonian in the form

~ 1 N N 1 5 5
H, = §W1(p12 + Q12) - sz(Pzz + CIZZ)
ecosf « ~ ~ ~ ~
mZU1+U1+V1+Y2=2 aU1+Ul+]/1+)/2 q1U1q2U2 plylpzyz; (24)

~ _ 1 ! ~ _ 1 ! ~ — !
A000 = W_la 2000,80200 = W_Za 0200,20200 = W14a 0020,
1

~ _ ’ ~ _ r ~ _ (W2 ~ o 25
Appo2 = W20Q 9002,31100 = —Wa 1100,41001 = W, a 1001,%1010 = @ 1010, (25)

~ _ w1 ~ R ~ _ !
ap110 = /W_Za 0110,20101 = @ 0101,%0011 = VW1W2a go11 -

The Hamiltonian given by (24) is reduced to the form H; =2iH, by using the complex

conjugate variable given by
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q"; =p; +1q; ,p"j =P; —iq; (=12). (26)
Thus Hamiltonian H}' is given as:

Hy = iwyp"1q"1 — iwap"2q"; (27)
ecosf
. n n U1 _n Uy n Yi,.n Y2
+2l1 + cos Z a U1+U1+Y1+VZ q 1 q 2 p 1 p 2
U]_+U]_+)/1+)/2=2
where,
" _1 - - o
2000 = 7 (—@z000 + Gooz0 — d1010)s
n _ 1 ~ ~ Vo~
Qo200 = 3 (—Go200 + Aoooz — idp101)s
" 1, . ~ i~ i~
Q1100 = 3 (—@1100 + Goo11 — i@1001 — Ldp110), (28)
" 1, ~ i~ .
Q1001 = Z(anoo + doo11 + 1001 — Ldo110)
n _ 1 ~ ~
Q1010 = 5(“2000 + doo20 )»

n 1 ~ ~
Qo101 =5 (G200 *+ o002 )

And other coefficient can be obtained from these coefficients as for the Hamiltonian

H,a" where the bar sign denotes the complex conjugate quantity. To

V1VIYIV2 C_l)/1)/20101’
reduce the Hamiltonian given by (27) to the normal form in complex conjugate variables, the

following transformation is applied
(@ p) = @), (29)
given by the generating function:

@0y + 0245 + S(q1-92-91- P73 f), (30)

where

n Ug _n Uy

S = an+ul+yl+y2=2 Sulvlylyz 91 92 pl**hpz**)’z_ (31)
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And S, y,y,y, are to be chosen 27- periodic function of f . So that the Hamiltonian is in the

form

sk kK *k Kk

H3 (g7, p)) = idg;™pi™ + idq5"p5" (32)

Assuming the relation between the variables q}, p] and q;*, p;” as

*% " as

qi = q + — -,
] 6p]
" *% as
Py =P 5 (33)
We get the identity H; (qj —.0;f)— H;(q;, Y+ E )= —f

On expanding using the Taylor s theorem upto second order derivative terms, we get:

o f“i 05 oMy 105 0% 05 05 0’y 05 0%
q p Y EYTEEYE Py *k " * % *k " " *% "
2 NUH P 0p; dq; 2 dp; aqlz dp;” 0py" 0q,0q, Opg anZ

aS aHZ 1 aS 62H£ S 90S 0%Hy aS ZOZHE‘*
6 2 — + PP + (=) —
dp; Op;” dq, op; dq, 0q, 0p; 0p; dq,” 0p;

~H3((@jpy". ) = Z

dSUlU1Y1Y2 nU1 1 Uy

q"1'q"," py 1p, 72 (34)

= Zul+ul+y1+)/2=2

Using the equations (27) and (32), restricting only upto the second order terms in e, the

above equation (34) is simplified in the form:

il qip7" + iyq.p5" + iZ(h A+ ¥225)(es® + e?s@) — iwyq1pi* + iwaqap3T

2
: e n n k% k%
_zl[e Cosf - 7 (1 + Cos Zf)] 0101)/1)/261 1Ulq ZUZ pl ylpz Y2

ds® 5 ds®

—i Y (vyw; — vywy)(es® + e25@) = e— T T (35)
where ,
_ (€D 2 (€))]
SU1U1V1V2 =e SU1UZY1)’2 te SU102V1V2
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Assuming A; = /1](0) + el}l) + 6’2/1](2) + -+, (j = 1,2) and equating the coefficients of the

equal powers in e and integrating w.r.t f, we get

A9 = 0,2 = w,, (36)
1 (1 o .

51(0)10 = llg )f — 2iap10Sinf,
1 (1 o .

5(&12)1 = llg )f — 2iagy0, Sinf,

) _ 2080501y, y, [SIn f+{(V1-¥1)W1 = (V2 =Y2)Wa} cOs f]
V1V1V1Y2 {(L1—Y1)W1—(v2—Y2)w,}2~1

(37)

By virtue of periodicity of sl((l))10 and 551)01 it follows that /151) = Agl) = 0. Using relations
given by (37), the value of S as a complex —valued function in the first order terms of e is
obtained.

Again the Hamiltonian given by equation (27) is transformed to the normal form given by :
* 1 * * 1 * *
H; = 5/11(6112 +p7?) + 5/12(6122 +p3%), (38)

where the transformation is given by means of generating function
gip1 + 42p5 + K(G;, p;,0), where K is restricted to the order of e alone and the relation

between the variables is given as :

g 4 2K 5 ey 9K
9 =+ 50 Pi TP ¥ o (39)

Taking into account the relation between the complex canonical variables with the real ones

given by equation (26) and as follows :
q;" =pjtiq;, pj =pj—iq;(=12), (40)

From relation (33),where S is taken to the order of e and given as s(¥ (p; + 45, p; — iq;, f)

is denoted by W(pj, q;, f), we obtain:

g lOW oL 10K
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Comparing relation (39) and (41),we obtain:
K=-W (42)

Hence the function K = Y Ky v,y.y, 41 "4z 2 P1 P, is revaluated and using the formula

(41), (42) and (26), we get the coefficients k as follows:

L1V2Y17Y2

_1 ® ® ® _1 ® ® ®
k2000 = 5; (=S2000 = S0020 Tt S1010)» K0200 = 5; (=S0200 ~ So002 T So101)s

_1,.@ ® ® _ 1,1 D ™
Koo20 = 5; (53000 T o020 T S1010)s K000z = 57 (So200 + So002 + So101)>

_ 1 ® (1) 1 ® —_ @ 1)
k1100 = 5; (=S1100 T S1001 T So110 T So011) K1010 = 2000 ~ So020 (43)

® @® €Y 1. ® @® ®

_ 1. .@ —
k1001 = 5 (S1100 T 51001 ~ So110 ~ So011)s Ko110 = 5 (S1100 ~ S1001 + So110 ~ So011)>

—_ @D ® _1..@ 1 1 1)
Ko101 = So200 ~ o002 Koo11 = 3; (S1100 + So110 T S1001 T S0011)>

Thus the normal form of the Hamiltonian H, isobtained as givenbyequation (38) correct to

first order of eccentricity.

5. Study of Resonance Cases

In this section, we shall employ the KAM-theorem for stability and examine the existence of
resonances of the third and fourth order. In order to study the resonances for different values of e,
we shall need the value of A and A2 to O(e?), sincelV) = 1,1 = 0. The quantities 1® andA>® are

found by the periodicity conditions of the functions 51(3)10 and séﬂn. Equating the coefficients of

e’ in the expansion of equation (34) and integrating w.r.t f, we shall get:

2 . ; 1 . 1 . 1 U . o 2
51(0)10 = —2isinf(4 aoozosz(oz)o + ‘1101051(0)10 + ‘10011580)11) + 5 @1010 SN 2f +i(asp10 + /15 ))f
(44)
2 . " 1 ! 1 " 1 " 1
5(51%)1 = —2isinf(4 aooozsézz)o + a001151(13)o + aonosl(ozn + a01015(§12)1) +

i . o 2
— Qo101 SIN 2f +i(agior + Ag ))f

Using the periodicity ofsl((z))lo and séﬂnand the equations (19), (22), (25), and (28), the values

of/'ll(z)and/’lz @are obtained with the help of software Mathematica 10. Assuming the value of u
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giving the resonancek;A; + k,A, = Nbe given as u = u©® + e2u@; taken correct to O(e?),
where 1(® denotes the value of 1 when the eccentricity is assumed to be zero and u(®; denotes
the value of u when the eccentricity e#0: Also the value A; and A;are taken as function of wu.

Then employing the Taylor's theorem expansion of 4, and A, given as:

A = /150) + 32/11(2) + ezﬂ(z)(%)o

and

0 2
=257 + e, + e2u® (2

Do (45)
where /1§0) and /120) denoting teh value of A corresponding to y = u(®) can be obtained from

(17). Substituting the value of A, and A, from equation (45) in k;A1; + k,A, = Nand equating the

coefficient of e? to zero, we get:

kyAs D +i, 2,
2) — 141 242
1 = Gl ) e (46)
2 du 1 du
F &
o ﬂﬂ;
wn o20f
b ﬂ.'ﬁ;
wH sa0f
-~ 005 B
T 4+ o — _— _Ig ) 3 =z e 1‘-'
(a)fy > 0, < 0¢ (b) By <0,B; > 0O

(VB = 0,8, =0« (d)f, <0,6; <0+

al

Fig.1. p versus e for 3A, =—1

Taking our clue from Kumar and Choudhry [15], we have studied four cases of third order

resonance graphically. Figures 1-4 show the value of pand p© as functions of e, taking the
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values A;=0.001, A>=0.001, a=0.0005 and A3 is varied as A3=0, A3=0.01, A3=0.05 for the cases
of third order resonance:3X, =—1, 3A, =2, A+2A2 =0 and A1 —2A> =2.

6. Discussion and Conclusion

The resonance cases and the linear stability of the elliptic restricted three body problema
where both the primaries are luminous and all the three participating bodies are oblate has been
analyzed. The Hamiltonian for the system is defined and then normalized using the Markeev’s
method [19].

Four particular cases of third order resonance are studied numerically and represented by
figures 1-4. In figure 1, p and p@ are plotted w.r.t the eccentricity of the orbit of the primaries for
the resonance case 3A>=—1. It is observed that the value of u is always less than the value of ¢
which is the required condition for stability, however for e > 0.3 the value of JLbecomes negative
when B> 0, B2< 0; B1 < 0, B> 0 and B> 0, B> 0. For Bi< 0, B2< 0 the value of L becomes
negative for €> 0.35. Similar pattern is observed in the case of 3A> =—2 and A1 + 2A2 = 0 as shown
in Figure 2 and 3. But in the case A1 — 2\, = 2, the value of [Lis not obtained in the real 1— e
plane. Thus, we conclude that the linear stability is observed in the resonance cases 3A2 = —1,
3k =—2 and A1 + 212 = 0, where as the triangular points are found to be linearly unstable in the

case A — 20 = 2.

o \ )
(a)+f, = 0,5, < 0« (b) B, < 0,8, > 0«
| / -
~ \ P e ————
(c) By = 0,5, = 0« (d)f, <0,8, < 0«

Fig.2. u versus e for 3A, =—2
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(b}, < 0,6, = 0+

(c) By = 0,8 = 0«

~

o8 -

oAa -

e
=008

(d)fy < 0,8, <0

Fig. 3. p versus e for A1+2A2 =0

-5 33

Qg

— pfor A=0
i Tor Ag=0
ot Ag=0.01
— i for =01
— per A=01
— i for Ag=0.1

28 T

Fig. 4. u versus e for Ay —2A; =2

Acknowledgment

The financial assistance from Chattisgarh Council of Science and Technology (Endt.

References

n0.2260/CCOST/MRP/2015) is duly acknowledged with gratitude.

. M.K. Ammar, The effect of solar radiation pressure on the Lagrangian points in the elliptic

restricted three-body problem, 2008, Astrophysics and Space Sciences, vol. 313, pp. 393-408.

623



10.

11.

12.

13.

14.

15.

C. Beauge, S. Ferraz-Mello, T.A. Michtchenko, Extrasolar planets in mean-motion resonance:
apses alignment and asymmetric stationary solutions, 2003, The Astrophysical Journal, vol.

593, no.2, pp.1124.

. A. Chakraborty, A. Narayan, A. Shrivastav, Existence and stability of collinear points in

elliptic restricted three body problem with radiating and oblate primaries, 2016,Int. J. of
Advanced Astronomy,vol.4,n0.2, pp.95-104.

A. Elipe, S. Ferrer, On the equilibrium solution in the circular planar restricted three rigid
bodies problem, 1985, Celestial Mechanics, vol.37, pp.59-70.

S.M. El-Shaboury, M.A. El-Tantawy, Eulerianlibration points of restricted problem of three
oblate spheroids, 1989, Earth, Moon and Planets, vol.63, p.23-28.

S. Ferraz-Mello, Averaging the elliptic asteroidal problem near a first-order resonance, 1987,

The Astronomical Journal, vol. 94, pp. 208-212.

. J. Gyorgyey, On the nonlinear motions around the elliptical restricted problem of three

bodies, 1986, Celestial Mechanics and Dynamical Astronomy, vol. 36, no. 3, pp. 281-285.
J.D. Hadjidemetriou, The elliptic restricted problem at the 3:1 resonance, 1992, Celestial
Mechanics and Dynamical Astronomy, vol. 53, no. 2, pp. 151-183.

J.D. Hadjidemetriou, Resonant motion in the restricted three body problem, 1993, In
Qualitative and Quantitative Behaviour of Planetary Systems, pp. 201-219.

J.Henrard, N.D. Caranicolas, A perturbative treatment of the 2:1 Jovian resonance, 1987,
ICARUS, vol.69, no.2, pp. 266-279.

J. Henrard, N.D. Caranicolas, Motion near the 3/1 resonance of the planar elliptic restricted
three body problem, 1989, Celestial Mechanics and Dynamical Astronomy, vol.47, no. 2, p.
99121.

J. Henrard, A semi-numerical perturbation method for separable Hamiltonian systems, 1990,
Celestial Mechanics and Dynamical Astronomy, vol. 49, no. 1, pp. 43-67.

B. Ishwar, B.S. Kushvah, Linear stability of Triangular equilibrium points in the generalized
photo-gravitational restricted three body problem with Poynting Robertson drag, 2006,
Journal of Dynamical Systems and Geometric theories, vol. 4, pp.1-5.

V. Kumar, R.K. Choudhry, Linear stability and resonance for the triangular libration points
for doubly photogravitational elliptic restricted problem of three bodies, 1989, Indian Journal
of Pure and Applied Mathematics, vol. 20, no.4, pp. 403-422.

V. Kumar, R.K. Choudhry, Nonlinear stability of the triangular libration points for the photo
gravitational elliptic restricted problem of three bodies, 1990, Celestial Mech. and Dyn.
Astro, vol.48, no. 4, pp. 299-317.

624



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

S. Kumar, B. Ishwar, Location of collinear equilibrium points in the generalized
photogravitational elliptic restricted three body problem, 2011, International Journal of
Engineering, Science and Technology. vol. 3, no. 2, pp. 157-162.

A.L. Kunitsyn, E.N. Polyakhova, The Restricted Photo-Gravitational Three-Body Problem,
Astron. Astrophys. Trans., vol. 6, p. 283.

B.S. Kushvah, B. Ishwar, Triangular equilibrium points in the generalized photogravitational
restricted three body problem with Poynting Robertson drag, 2004, Review Bull. Cal. Math.
Soc., vol. 12, no.1, pp. 109-119.

A.P. Markeev, On the problem of stability of equilibrium positions of Hamiltonian systems,
1970, PMM., vol. 34, pp. 69-97.

V.V. Markellos, E. Perdios, P. Labropoulou, Linear stability of the triangular equilibrium
points in the photogravitational elliptic restricted problem, 1992, Astrophysics and Space
Science. vol. 194, no. 2, pp. 207-213.

A. Narayan, C.R. Kumar, Effects of photogravitational and oblateness on the triangular
Lagrangian points in the Elliptic restricted three body problem, 2011, Indian J. Pure and Appl.
Math. vol. 68, no. 2, pp. 201-224.

A. Narayan, N. Singh, Effects of radiation on stability of triangular equilibrium points in
elliptic restricted three body problem, 2014, International Journal of Applied Mathematical
Research, vol. 3, pp. 45-53.

A. Narayan, N. Singh, Motion and stability of triangular equilibrium points in elliptic
restricted three body problem under the radiating primaries, 2014, Astrophysics and Space
Sciences, vol. 352, pp. 57-70.

A. Narayan, T. Usha, Stability of triangular equilibrium points in elliptic restricted three
bodies with radiating and triaxial primaries, 2014, Astroph and Space Sci., vol. 351, no. 1, pp.
135-142.

V.V. Radzievskii, The restricted problem of three bodies taking account of light pressure,
1950, Astron. Zh., vol. 27, pp. 250-256.

V.V. Radzievskii, The space photogravitational restricted three-body problem, 1953, Astron.
Zh., vol. 30, pp. 265-273.

A.E. Roy, M.W. Ovenden, On the occurrence of commensurable mean motions in the Solar
system, 1954, Monthly Notices of the Royal Astronomical Society, vol. 114, pp. 232-241.

J. Singh, S. Haruna, Equilibrium points and stability under effect of radiation and perturbing
forces in the restricted problem of three oblate bodies, 2014, Astrophys Space Sci, vol. 349, p.
107.

625



29.

30.

31.

32.

33.

34.

35.

36.

J. Singh, U. Aishetu, Motion in the photogravitational elliptic restricted three body problem
under an oblate primary, 2012, The Astronomical Journal. vol. 143, no. 5, p.109.

J. Singh, U. Aishetu, On the stability of triangular points in the elliptic R3BP under radiating
and oblate primaries, 2012, Astrophsics and Space Sciences. vol. 341, no. 2, pp. 349-358.

J. Singh, A. Umar, Application of binary pulsars to axissymetric bodies in Elliptic R3BP,
2013, Astrophysics and Space Sciences, vol. 348, pp. 393-402.

P.V. SubbaRao, Ram Krishan Sharma, Effect of oblateness on the non-linear stability of L4 in
the restricted three-body problem, 1996, Celestial Mechanics and Dynamical Astronomy, vol.
65, no.3, pp. 291-312.

A.P. Thakur, R.B. Singh, Stability of the triangular libration points of the circular restricted
problem in the presence of resonances, 1996, Celestial Mechanics and Dynamical Astronomy,
vol. 66, no. 2, pp. 191-202.

T. Usha, A. Narayan, B. Ishwar, Effects of radiation and triaxiality of primaries on triangular
equilibrium points in elliptic restricted three body problem, 2014, Astrophs. Space Sci., vol.
349, pp. 151-164.

T. Usha, A. Narayan, Linear stability and resonance of triangular equilibrium points in elliptic
restricted three body problem with radiating primary and triaxial secondary, 2016,
International Journal of Advanced Astronomy, vol. 4, no. 2, pp. 82-89.

A.S. Zimvoschikov, V.N. Thkai, Instability of libration points and resonance phenomena in
the photogravitational elliptical restricted three body problem, 2004, Solar System Research,
vol. 38, no. 2, pp. 155-163.

626





