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In this study a unique style of collocation and interpolation have been used to get a nine step
block method for the numerical solution of linear or nonlinear initial value problems of fourth
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order ordinary differential equations. The present technique has been implemented at the
selected mesh points to generate a direct nine step block method. In this paper zero stability,
order consistency and convergence have been incorporated as the basic properties and two
numerical examples have been considered and compared with ODE45 as well as continuous
Linear Multistep Method (LMM)for the numerical results with exact results.

1. INTRODUCTION

Fourth order differential equations of initial value problems
have many applications in the field of science and technology
such as fluid dynamics [1], beam theory [2-3], electric circuits
[4]. An attempt has been made to solve such problems
numerically by adopting block method instead of reduction
method. Our method has given a more accurate result as
compared with predictor and corrector method [5] and direct
block method [19]. The general fourth-order ordinary
differential equations with initial conditions of the form

Yy =1 (zy.y.y"y), Y7 (%) =Y. n=0(1)3

1
ze|a,b] 0

The present method is a better approximation eq. (1) which
avoids difficulties of reduction of order [11-13], direct method
[9-10, 18] and [14-15], continuous LMM method [6, 16] and
occurrence of errors in the process of integration of higher
order differential equations [7]. The organization of this paper
is as follows:

In section-2 the construction of the nine step block method
has been mde. Section-3 carries assumptions of the nine step
block method. In section-4 numerical examples have taken and
in section-5 conclusions have been drawn.

2. CONSTRUCTION OF THE NEW METHOD

Assume that the power series of the form

D az @)

is an approximate solution to eq. (1) where t and k are the
number of interpolation and collocation points respectively.
The first, second, third and fourth derivative of eq. (2) are

47

y'(z)= > naz"?
n=0
t+k-1
y"(z)= D n(n-1a,z"?
o ®
y"(z)= Y. n(n-(n-2)a,z"?
n=0
) trk-1
y™(z)= > n(n-1)(n-2)(n—3)a,z"*
n=0
By substituting eq. (3) into eq(1),we have
t+k—1 4
f(zy,y,y"y")= > n(n-1)(n-2)(n-3)a,z" 4)
n=0

Interpolating eq(2) at z,,, ,t=1(1)4 and collocating eq(4)

n+t 7

at z,,,, k=0(1)9" we get the following matrix form
BC=D 5)
where C =[ay, &, a,,———a,]'

D =[Yy.i, fo.y, T =104,  =0@1)9

Solving the values of a,'s where n=0,1 2, 3,———13

from eq. (5) using inverse matrix method and substituting the
results into eq. (2), we have obtained a system of linear
equations of the form

Y@= @+ Y @, ©)

The coefficients S (z) and u,(z) are computed &

. z-12
expressed as a function of X = ——™% a5 follows;



-2 5x* 37x X3 )
b= -7 73 % P == +8X +83x+70 126X + 6370x% + 139230x™
3 2 3 +1711710x° + 12807795x°
ﬂszi—ﬂx —47x -84, ﬂ4zx—+3x2+%+35 . .
2 2 6 6 - -1 +57702645x° + 130862160x
*h = 87178291200 -51291240x° —1247998752x°
42x" +1638x™ + 26754x™ + 234234x"° - 3632428800x* —5050171945x°
. + 1146145x° + 2729727x® —54912x’ ~3273351445x — 215602214 x + 971650680
Ho = Sereaaerasss —-16072056x° —30270240%° 42x" +2184x" + 49686 x™ + 648648x"°
+40766453x° —85992543x +5350345x° + 28864836x° + 101350392
~1005764760 fo =~ |} 2103871681 + 242161920%°
261534873600
126x* +5096x* + 85722x" + 768768x" ~293773753x" —208001976x°
+3838835x° + 9333324x° + 195624%’ + 146122428x + 293333040
= 1 | _54486432x° ~103783680° . . . _
87178291200 140147189x° — 304269056x° By solving eq. (7) at non interpolating points

x=-8,-3,—2,—-1 0,1, and using eq. (6), we obtain the
following results.

—2147088316x — 359326968
126x" + 5278x* +91728x™

) +846846x™ + 4339335x° +10837827x° Yo =4y, —6Y,., +4Y. 3 — Vs
=——— | +808236x" —62606544x° —121080960x° _
luz 21794572800 y 3 2 i n +£ n+l +§ n+2 +£ n+3
-421882279x°-9157002127x 80640 " 1899 751 3364
—~45955803266x-74698)904280 el L 904 531 106
42x° + 1820 X + 32760x" + 313170 x° 14635 "* 10268 "° 3705 "°
+ 1659515x° + 4298580 x° + 634920 X’ _ AT 76 12
n+7 n+8 n+9
1 :731135110400 ~24504480x° — 48432384x" 4536 34027 55121
+ 511558775 X° + 62800390902
+ 29636403872x + 4660992336 Yaes ==Ynir +2¥ni2 =6 Yo + Yoa
126x" + 5642x* + 105378x™ 79 N 1751 w1 7873 a2
+1049334x"° + 5812235x° 362880 725760 45360
. , . +119683 N 30139 N 2507
j o TL |+ 15854553¢ + 4025736x'- 883647 76x - .| *Ia1a20 " Tataz0 "™ * 362880 ™
6227020800 —181621440x°-732439669x° +h 17 451
~12147800873x* ~2835 ™ * Tg1aa0 ™
—49273301086x — 5558973480 a1 M
f f
126x* +5824x™ + 113022x™ + 1178892x* - 72576 "® - 725760 "
. +6913335x° + 20370636x" + 8638344x’ Yo =19¥n1 = 4Yn2 —20¥,,5 +10 ¥,
== | _111759648x" — 242161920x°
#6 = 6227020800 - - 197 1609 4
+ 1448528549x" + 9720953996x 241920 " 181440 ™
+ 28712344444x + 29259550320 17867 255727
42X + 2002 X7 + 40404x" + 443586x° +h¢| 25920 "7 90720 "
1 2790645x° + 9187893x" + 6869148x" arolrs | ATL7 o S
2 :m _49153104 x° —121080960x° 362880 22680 181440
~311421097x" — 2966397577x2 L 189 oo 1681 ot Al f .
6042142382 X —3772128)360 12960 725760 181440
yn+7 = _1Oyn+1 +36yn+2 —-45 yn+3 + 20 yn+4
126x" + 6188x* + 129948x"
TR . 59 . _ 5093 . 51011
+1507506x™° + 10295285x 30220 " “2a1920 ™ * 30020 '™+
= 1 +39171132x® + 52519896x’ . 442273 . 134039
" 21794572800| — 173837664x° — 726485760 X° The 60480 "° 30240 ™!
+ 4892526821x° + 11396384818x%* | 173969 - 3041 - 199 .
+ 11137184504 + 4604920320 120960 " 30240 8640
11 41
T A an n+8 t— n+9
2160 80640
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Ynig = _20yn+1 + 7Oyn+2 _84yn+3 +35yn+4

2791 14957 621869
(725760 ™ 362880 ™ " 181420 ™2
97007 . 545779 . 121793
6480 "° 51840 "™* 25920 "
31403 509 . 8089
25920 "*° 2835 "' 725760 "*°
407
362880 "*°
Yneo = —35Y,,, +120y,,, 140y, 5 +56Y, .,
131 25177 67849
20160 " 362880 " ' 181440 " (8)
, 345371 266309 . 286483

n+3 + n+4 n+5
+h? 12960 12960 25920
13781 130013
+ n+6 + n+7
3240 90720
25591 743
+ n+8 + fn+9
181440 362880

Evaluation of first, second and third order derivatives of
x =—-8(1lyields set of equations

. 13 19 11
hyn = 7? Yot ? Ye2 = 7yn+3 + E Ynia

395 781, 907 . 173
52253 " 1501 "' 706 "* 610 "°

4| 2104 1401 145
| -t e e

59473 46033 8971

241 139 6

+ fn+7 - fn+8 + fn+9
43320 121597 56195

‘ 11 3 1
hyn+1 = _E Yot 3yn+2 - E Ynia t 5 Ynsa

n . 76 175 386
37626 " 6963 "' 986 " 6169 "
h*| - 100 nea T 18 fn+5 - 33 fn+6
70985 11443 11071
47 27 7
+ n+7 n+8 + fn+9
38959 97423 248583

. 1 1 1
hyn+2 = _5 Ynu _E Yniz t yn+3 _g Yoia

13 13 . 199
292740 " 56456 " 4357 "
362 131 92
+ fn+3 - fn+4 + fn+5
+h* 7909 9989 11637
84 32 11
- fn+6 + fn+7 - fn+8
22595 26081 44160
3
LPPYYYYS fn+9
128839

. 1 1 1
hyn+z =2 Y _E Yoiz T Ynis _g Yoia

3
13 . 18 . 199,
292740 " 56456 "' 4357 "?
| 362 131 L2
Lht| 7909 "% 9989 "* 11637 "*°
o84 3 _u
22595 " 26081 ™7 44160 "°
3
+7 fﬂ+g
128839
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. 1 1 1
hyn+3 = _g Yo = Yoo T E Yo t § Yiia

3 ;29 ., 66
50362 " 42687 " 2185 "?
o7, 87T . 40
Lpt| 1578 "3 6593 " 4763 "
+49f—28f+9f
12203 "°® 209031 "7 32933 "*
8
_—fn+9
311761

. 1 3 11
hyn+4 = _g yn+1 + E yn+2 - yn+3 +E yn+4
11 97 304

fn - fn+1 + fn+2
111984 " 86577 5093
+5% 13 214
Lpé| 2819 "™ o18271 "t 23693 "*°
+4_3 +4_6 f
8586 "° 26067 "'
__% fgt ! f
70023 " 197149 "°
, 11 19 13
hyn+5 = _E yn+1 + 7yn+2 - ? yn+3 + E yn+4
13 77 | 1267
35752 " 19396 "' 4016 "7
1067, 1318 89
Lht| 838 "3 0705 ™t 4058 ™°
125 61 37
- fn+6 + fn+7 + fn+8
13273 16012 42588
9
t— fn+9
103064
. 13 31 47
hyn+6 = _3 yn+l + ? yn+2 _19yn+3 + ? yn+4
20 . 9% , 451
23363 " 10306 "' 606 "
S0, 120, 188
he 179 "* 871 ™ 351 "°
155 236 41
T o n+6 + fn+7 - fn+8
6618 19945 15966
23
+— fn+9
9275
: 47 63 37
hyn+7 = _E yn+l +27 yn+2 _? yn+3 + ? yn+4
31 ‘¢ _ 101 +1070 ¢
21290 " 6495 "7 799 ™7
+_7177 +_1228 +_3993
Lhe| 1208 M3 op77 ™* 1909 "M
a6, .21 .
1091 " 6818 "' 5513 "*°
18
t— fn+9
49031
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+h?

. 37
hyn+8 = _? Yot

+h*

83 107
? Yoo — 47 Yea ? Yiea
124 199 1301
fn - nin T n+2
53497 8080 617
2808 1543 1434
+ n+3 + n+4 + n+5
295 195 311
1438 766 23
+ fn+6 + fn+7 + fn+8
741 1499 9300
6
t fn+9
10739

, 107 131 73
hyn+9 = _? Yot 59yn+2 _7 Ynis +? Ynia
87 207 2610
- fn - na1 T n+2
26176 5894 857
12113 46141 5503
+ ns3 T nea T 55 This
869 3732 673
11379 1184 737
+ n+6 + n+7 + n+8
2594 577 1549
110
o7 Theo
12131

hzyn = 3yn+1 _8yn+2 +7yn+3 - 2yn+4

169 1345 640
fn + n+1 + n+2
2876 1199 529

1150 557 1573

+ n+3 nea T n+5
1473 1136 4063
802 394 894

- fn+6 + fn+7 - fn+8
3739 5001 51853
89
+ fn+9
52242

hzy:wl = 2yn+l - 5yn+2 + 4yn+3 ~ Ynia

+h*

hzy:wz =Y~ 2yn+2 t Ynis

+h

105 . 181 . 929
49088 " 2245 "7 1331 "
293 197 683
+ fn+3 + fn+4 - fn+5
3084 2171 9128
327 31 41
+ fn+6 - 1:n+7 + 1:n+8
7901 2062 12609
26
..
81779
3 149 . 293
29932 " 51279 " 3726 "?
S By B
15655 " 9912 "** 19652 "*°
o™ 2 19
38205 "*° 28004 "7 117150 "*°
3

t ooona fn+9
189229

hzy:H-S =Yoo — 2yn+3 + Ynia

3 89 221

- fn + fn+l - fn+2
189229 343941 61065
125 24 10

- fn+3 - 1:n+4 - fn+5
1629 7649 29153

55 29 2

+ fn+6 - fn+7 + fn-¢-8
142733 180713 54837

N N
274185

hzy:w-d = _yn+1 + 4'yn+2 - 5yn+3 + 2yn+4

15 111 689
fn - fn+1 + fn+2
67766 45031 3960
453 267 88
t—— fn+3 + nea T fn+5
691 2962 30857
- 79 fn+6 + % fn+7 - 20 fn-¢-8
14174 38219 35633
13
to fn+9
230119

h2 y;+5 =-2 Yot 7 Yni2 = 8yn+3 + 3yn+4

N

+h

h?y,

+h*

8 41 415
fn - fn+1 + fn+2
21113 10151 1213
28778 1419 241
+ n+3 + n+4 + n+5
19185 1454 2039
317 19 22
- fn+6 + fn+7 - fn+8
15092 3076 17761
27
R— fn+9
231497

6 — _3yn+1 +108yn+2 _117yn+3 + 4yn+4

65 , 113 1165
121161 " 19850 " 2278 "
1394 1737 1300
o fn+3 * aan fn+4 +——f
597 880 1267
+ 77 fn+6 + 28 fn+7 - ! fn+8
1017 62449 9134
17

T fn+9
175021

n+5

hzy;ﬂ = _4yn+l +13yn+2 _14yn+3 + 5yn+4
21 99 5956
1:n - T n+2
27143 12158 8705
1037 2133 156
t— n+3 +—— fn+4 t—= fn+5
+h* 328 716 77
803 561 69
T a10 fn+6 + n+7 fn+8
818 5765 11161
14
o fi
32489
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h2 y:]+8 = _5yn+1 +16yn+2 _17yn+3 + 6yn

+4

19 58 1005
1:n - net T n+2
28893 8309 1196
1303 238 971
Rl 1:n+3 Y 1:n+4 11 fn+5
+h? 323 61 311
1351 6188 275
+ n+6 + n+7 + n+8
709 5917 3662
19
s fn+9
11945
hzy:l+9 = _6yn+1 +19yn+2 - 20yn+3 + 7yn+4
59 123 553
a7 Yoo fn+2
20367 4138 500
3073 1309 503
Yy fn+3 ToAn fn+4 T i n fn+5
+h? 667 244 142
3752 3191 215
t— n+6 t— n+7 +— fn+8
1097 1845 193
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t— fﬂ+9
2671
hsymn ==You +3yn+2 _3yn+3 + Ynia
618f, 1898f,, 643f,, 1071f
2207 1149 1701 542
ope| ,1089F,., 379f,; 456f,, 465f,.,
533 242 529 1478
1518, 77f,.,
22163 11425

h3 I"n+1 =You +3yn+2 _Syn+3 + Ynia

184f, 707f,, 1336f,, 1011f,,
26447 2021 1137 4417
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73f,., _ 35f,.,
6136 30357
WY 2 = =Ynia +3Vni2 = 3Vs + Yo
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h3 I"n+3 = _yn+1 + 3yn+2 _3yn+3 + yn+4

24f  69f . 515f , 2525f
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5of , 21f
23384 89044

(11)
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h3y'"mr4 = _yn+1 + 3yn+2 _3yn+3 + yn+4

f

n

37, 159f,, 74,

55140
+h*

404f,, 623f
+ -

77980 1016 83

L 109f,; 64f,,,

n+5

791
52fn+8
+
41221

7859
91:n+9

83168

4211 9103

h3y".n+5 = _yn+1 + 3yn+2 _Syn+3 * yn+4
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n
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n+l
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70570 26189
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h3y|n
23f
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21f
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+

| 381f,, 3320,

n+l

55140

+h4 + 928fn+4
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+
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h3ym
24f,

1949 2203 15524

18fn+9
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83f
+

2783 30357

wy  OTTF.., 3962f .,

26731
e 24211

n+4

8605 4968
2543f,

4019
890f,

2022
761f

1822
1025f, ,

1483
T,

565
h3ym
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From eq. (8) and from first eq. (9), eq. (10) and eq. (11) ,
the coefficient matrices of
Yn = Ynia Ynez o Yneo ) Yner = (Ynogs Yooz Yo,
Y‘N4-:(yh—8!ym—7v"ly%1)Y"N—1:(y“mﬂ!y”mJ’m1y”nx
Y"'Nfl = (ymn—S Y g e Y ) Fn = (fn—81 fn—7’-"i 1:n)v
Fn ::(fn+l1fn+21"" fn+9)

Next multiplying each coefficient matrix by the inverse
coefficient matrix of (Y, .;, ¥i.00- Youo) » We get the following

equations.

B,Y, =CY,, +hC,Y ', ,+h°CY"

o (12)
+h’C,Y ™, ,+h'C,F, , +h*C,F,

Y=l =109
Yoo =[voi] i=8(2)0
Yoo =[y..] i=8(1)0
Yo =[yna] i=8(2)0 C,
vy o=[y"a] i=8(1)0
f

Foo=[f..] i=8(1)0
Fo=[f] 1=1(1)9
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001000000
000100000
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000001000
000000100
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000000001 =
000000001
000000001
000000001
000000001
C,=|0 00000001
000000001
000000001
000000001
000000001
000000001
000000002
0000000GO0 3 c,-
000000004
C,=/000000005
000000O0O0®6
000000007
000000O0O0SB8
0000000029
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211
5079
317
408
1112
301
2016
193
6736
297
3490
83
351
5
14686
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14351

90

0

000O0O0O00O0 —

0

-1757

0

0

25476
-1715

1649

-1897
477
-7795

842

5314
En
-3985
144
-3999
T97
1217
T
-18658

239

0

0000 —

0

00

0

0

0

0000O0

000

1087
10637
871
BE
2572
T
a1
214
7307
210
17031
Fa
8447
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21059

131
17341

73

0

0000O0O0OODO

0

0

-335
2981
931
561
3044 3428
455 651
4951 4454
288 329
6122 997
75 36
4103 8611
67 174
413961 20249
144 249
6726 3144
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11643 15391

N ‘38 5 hJ‘ » ®© o NN

-
‘Eﬁ CD‘ @ N[© wih ol

w
[o20e)]

w
~
w

N
[ =]
»

3
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2

15

598
4243

15646
1207

1185
2211
868
3925
764
2485
274
3919
268
5586
253
4821

152

225
2536
1473
1129

329

58 83

-153
3131
-655
914
-1282
a3
-3312
a5
-5011
320
-3500
129
-6751
154
-4969
76
-6509
T

230
12891
281
1076
903
856
2057
758
7160
1289
1613
163
2584
‘161
3896
159
19052
523

-92
7670
-87
B2
-728
s
683
1157
-1536
T
-1083
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-1610
61
-1711
)
-5419
3

10
26151
80
14329
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7560
137
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394
315
3035
133
281
£
1001
1921
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1282




3. BASIC PROPERTIES OF THE BLOCK METHOD

This section contains some of the assumptions like order,
convergence, and stability of present scheme.

3.1 Order of the method

The linear operator associated with eq. (12) can be defined
as

L(y(2):h) = D,y(2) + Dhy'(z) + D,h*y"(2) (13)
+..+D,hPyP (2)+ D, ;h"yP D (2) + D, 0" 2y P2 (2) +...

y(2) is an arbitrary continuously differentiable function on
[a, b].

From eq. (12) we get the following Taylor series
representation as

i hmyn(m) _i h™ yn('") - 613h*y®

m=0 m! m=0 m' 24769
305 129 469
2 - () ——(3)"
6702 1535 @ *3204
@ ptmy Gmo577 76 809 .. 539 _..
T2 ) (6) 4 ()
= m 3158 439 6787 9288
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e (B)" + —— (9)" — ——— (10)"
53280 17687 30589 10
5 @ " 3 @ y," _595h'y®
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[ @ - O s () - (®)
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2589 ") 12167 ™)
5 @y, 3 @n)"y,™  964n*y
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1455 1827 110 2291
" -l ()" e ()" - ()"
a2 W g @ 5 @
= pmy M| 3307 3372 569 .. 3458, .
S G - () - (B)
= m 326 326 167 3111
L7 g 209 40
1496 10662
i DA i @n)"y, ™  760ny® (14)
o m! rd m! 308
1325, ., 35061 ... 4775, 3613 ..
— O "+ )" -4
121 3041 218 130
oty 3440 4511, 1421 . 2344, .
RO - O+ (1) - (®)
= m 131 250 162 819
L3187 g %
5662 5804
5 Gy, " 3 Gh)"y, ™ 740n‘y®
o m! frar m! 147
48567 5370 3067 9129
ettt 1 m - 2 m Pt 3 m = 4 m
2008 @ a7 @ g @ e @
= pttmy ™| 3763 739 . 20858 .. 1237, ..
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Now expanding each term in eq. (16) and comparing the

coefficients of h™ and y™ in eq. (14) gives
D,=D,=D,=..=Dy=D,=D,=0 and the error
constant
_( -3 -13 6 -16 19 9 11 93 -107 JT
7| 749116 104104 278119 127965 33950 7805 246274 31835 24366

Therefore according to the definition [19-20], the order is
11.

3.2 Zero stability of the method

The block eq. (12) is said to be zero stable [18] if the roots
r.,i=1(1)9 of the characteristic polynomial equation

P(t) =det(tB, - C,) [t]<1 [t|=1 has
multiplicity not greater than the fourth order differential
equation. Now, P(t) =det(tB,—C,)=0 ,where B, and C,
coefficients of y, .., m=11)9 and vy, , respectively in (12)

satisfies and
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=PMt)=t*t-1)=0
=1=0,0,0,0,0,0,0,0,1

Hence the block is zero stable.
3.3 Convergence

Therefore by the new method eq (12) is convergent because
it is zero stable and has order greater than one [13].

3.4. Absolute stability

The boundary locus method that is used to find the region
of absolute stability of the block method was proposed by [8]
and the adopted boundary locus method [17] has given

p() =2

—~  where the
a(t) = ByYy -CYy,

© first characteristics polynomial
l

and the second characteristics
1

polynomial ¢(t) = hpz C, ;Fy. - The set problem of the
i=0

form y@ = A%y is substituted in eq(12) which gives

d-1 . 1
and BY, = > .h'C,.YO  +h*> 2 C. Ly,
i=0 i=0

_ BOYN (t) - ClYN -1 (t)

p(t.h) = (15)
Co¥n (1) +Csyy 4 (1)
where B =20,
Eq. (15) can be written in Euler’s form by taking t =€'” and

by using eq(15) in eq(12) of nine step block method we have

ByYy (@) —C.Yy 1 (@)

P ) = @)+ Coyy 1 (@)

(16)

Eq. (16) is called the characteristics matrix [17].
Now by using eq. (16) to the new nine step block, stated in
eq. (12), gives

io

e 00 0 0 0 0 0 O
0 e 0 0 0 0 0 00
0 0e™ 0 0 0 0 0 O

_ _ 0 0 0e 00 000

p(w’h)zwél W,=[0 0 0 0 ¢ 0 0 0 0
0 00 0 0 €° 0 00
0 000 0 0 e“ 00
0 000 0 0 0 € o0
0 0 00O 0 0 0 e%

The determinant of the above matrix and its simplification

yields

p(w

Eq. (17) is expanded trigonometrically and the imaginary

.h)

2155966188894 (e*“ —1)

( 24911¢” +57697836)

parts are equated to zero. Hence the result

@

Evaluating eq.(18) in intervals of 30° gives the results as in

h)

2155966188894 (cos(9) —1)

the Table-1 below.

~ ( 24911cos(9w) + 57697836 )

Table 1. Interval of absolute stability

an

(18)

0]

0 30 60

90 [120[ 150

180

Ple,h)

0-37366.5|-74765.3

-37366.5

0 |-37366.5

-74765.3

Therefore, the interval of absolute stability is (-74765.3,0).

4. NUMERICAL EXAMPLES

To test the method let us consider two fourth order initial

value problems;

Table 2a. Result analysis of Example-1

Exact

Approximate solution

0.1

0.008951884436413

0.008951884436411

0.2

0.031267910608900

0.031267910608818

0.3

0.059528773414102

0.059528773413735

0.4

0.085929102584137

0.085929102583503

0.5

0.103045079418758

0.103045079418088

0.6

0.104954042902493

0.104954042901967

0.7

0.088806494399448

0.088806494399109

0.8

0.056973847769407

0.056973847769217

0.9

0.019922785200371

0.019922785200275

0.0

4.498300602208153e~14

Table 2b. Result analysis of Example-1

2 Absolute error | Absolute error in LMM |  Absolute error in

in ODE45 in the same vein [16] current method
0.1 1.0326e-7 2.8231e-12 1.5370e 14
0.2| 1.6792e-7 2.1030e-12 8.2021e 14
0.3| 2.5340e-7 1.8220e-10 3.6666e 13
0.4| 3.6477e-7 1.7711e-11 6.3424e"13
0.5 5.0816e-7 3.2272e-10 6.7024e~13
0.6| 6.9093e-7 2.3688e-10 5.26084¢13
0.7| 9.2191e-7 2.3965e-10 3.3906e 13
0.8 1.2116e-6 1.67216e-11 1.9011e13
0.9| 1.5727e-6 1.2409¢e-10 9.6152e 14
1 4.1649e-6 8.7041e-12 4,4983e~ 14

1. y“ =e’(z" +142° +497* +322-12) ,0< 2 <1,

h=0.1 y(0)=y'(0)=0, y"(0)=2, y"(0)= -6

Exact solution: y(z) = z*(1-z)%e’.
This result is shown in Table -2a and Table-2b.
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2. y¥ =4y" 0<z<1,
h=0.1,y(0)=1 y'(0)=3, y*(0)=0, y*(0)= 16
Exact solution: y(z) =1-z+e*-e* .

This result is shown in Table -3a and Table-3b.

Table 3a. Result analysis of Example 2

Exact Solution

Approximate solution

0.1

1.302672005082188

1.302672005082187

0.2

1.621504651605631

1.621504651605629

0.3

1.973307164296482

1.973307164296063

0.4

2.376211964375246

2.376211964375192

0.5

2.850402387287603

2.850402387286068

0.6

3.418922710824345

3.418922710824220

0.7

4.108603002903068

4.108603002901344

0.8

4.951135906400459

4.951135906400334

0.9

5.984348576191359

5.984348576190186

7.253720815694038

7.253720815693955

Table 3b. Result analysis of Example 2

Absolute error

Absolute error in

Absolute error in

in ODE45 LMM [16],)for h=0.1 current method

0.1] 3.2660e-7 5.8570e-12 1.33228e° 15
0.2| 3.2903e-7 1.0731e-10 1.9984e 15
0.3] 3.5880e-7 2.7926 e-10 4.1989¢713
0.4 4.1756e-7 3.4386 e-10 5.4325e¢"
0.5 5.0869-7 2.8673 e-10 1.5352¢~ 12
0.6 6.3749e-7 1.8874 e-10 1.2479e713
0.7 8.1149e-7 1.0612 e-10 1.7240e~12
0.8/ 1.0409e-7 5.3352 e-11 1.2523e~13
0.9] 1.3387e-6 7.8518e-7 1.1733e~1?

1 7.9828e-6 1.0706e-11 8.3489¢ 14

Figure 1. Comparison of exact and numerical solution of

Figure 2. Comparison of exact and numerical solution of

Figure -1 comparison of exact and numerical solution of example -1
0.12
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o 0.1
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z

example-1
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08 09 1

Figure -2 comparison of exact and numerical solution of example -2
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03

04 05 06

example-2

0.7

08 09 1
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From the above Figure 1 the exact and numerical solutions
coincide in the same plane.

In Figure 2 the exact and numerical solutions coincide in the
same plane.

5. CONCLUSION

The numerical approximation of the current method is in
good agreement with exact numerical solution. Figure 1,
Figure 2, Table 2a, Table 2b and Table 3a, Table 3b it has been
observed that the proposed method contributes a better
approximation than the other two methods (ODE45 and LMM)
to particular problems. This method helps to find accurate
approximate solution of any linear or nonlinear fourth-order
ordinary differential equations with initial conditions, which
are complicated to find their exact solutions in the analytic
manner.
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