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Abstract

This paper considers the existence of the generalized solution to the initial vale problem for a
class of generalized Zakharov equation in dimension one. by a priori integral estimates and
Galerkin method, one has the existence of the global generalized solution to the problem. The

obtained results may be useful for better understanding this generalized Zakharov equation.
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1. Introduction

As well known, in the ineracion of laser-plasma, Zkaharov equation play a important role.
Zakharov equations, derived by Zakharov in 1972 [1]. This system attracted many scientists' wide
interest and attention [2-9, 12, 13]. S. You studied a generalized Zakharov equation and obtained
the existence and uniqueness of the global solutions to initial value problem [14]. Recently, a
quantum modified Zakharov system was derived, by means of the quantum plasma

hydrodynamic model.
iE,+E_—H’E__=nE,

XXXX

2
xx 2

n, —n, +H2nxxxx :| E ‘
where E:[0“" -7 is the slowly varying amplitude of the high-frequency electric field, and

n:0%" -0 denotes the fluctuation of the ion-density from its equilibrium. H is the
dimensionless quantum parameter given by the ratio of the ion plasmon and electron thermal
energies.

In this paper, we are interested in studying the following generalized Zakharov system.
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iE,+E —-H’E_ =nE+f(E')E, (1)
n,—n.+Hn, =EL, )
with initial data
E(x,0)=E,(x), n(x,0)=n,(x), n(x,0)=n/(x). 3)
where E(x,t) = (E,(x,), Ey(x,t),--, Ey(x,£)) is an N -dimensional complex valued unknown
functional vector, n(x,?) is a real-valued unknown function, x €[] .

Now we state the main results of the paper.

Theorem 1. Suppose that

() E,(x)e H*(0), ny(x)e H' (), n(x)e H' ().

(i) f(&)eCl), | f(E)EME". Where M >0, 0<y <4.

Then there exists global generalized solution of the Cauchy problem (1)-(3).
E(x,)e L"(UH)Y AW (0" H?),
n(x,)e "0 SHYNW U S HY),
n(,t)el” O H YW O 5 HY).

To study generalized solution of the system (1)-(3), we transform it into the following form

iE+E_—-HE__=nE+f(E[)E, (4)
n =9, =0, (5)
o, —n+H’n_—|E[=0, (6)
with initial data
E(x,0) = E)(x), n(x,0)=n,(x), ¢(x,0)=¢,(x). (7)

where @, satisfyingg,  =n,.
For the sake of convenience of the following contexts, we set some notations. For 1< g <o,

we denote L/(]“) the space of all ¢ times integrable functions in [J ¢ equipped with norm

1] and H"”(0?) the Sobolev space with norm [/l If p=2, we write H(0 )

o ol

instead of H**(1“). Let(f,g)= L f(x)-g(x)dx, where g(x) denotes the complex conjugate

function of g(x). And we use C to represent various constants that can depend on initial data.

The paper is organized as follows. In Section 2, we make a priori estimates of the problem
(4)-(7). In Section 3, we obtain the existence and uniqueness of the global generalized solution of

the problem (1)-(3) by Galerkin method.
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2. A priori estimates
In this section, we will derive a priori estimates for the solution of the system (4)-(7).

Lemma 1. Suppose that E,(x) € L*(U ) . Then for the solution of problem(4)-(7) we have

2
@)

2
roy’

|E(x,1)

= ”Eo

Proof. Taking the inner product of (4) and E. Since

2
LZ 9

Im(iE,, E)=Re(E,, E) =%%||E|

Im(E, -HE,,,, E)=0.
Im(nE+ f(EP)E, E) - 0.
we get

2
=0,

d
a||E(x,t)

we thus get Lemma 1.
Lemma 2. Suppose that E,(x)e H*(1), ¢,(x)e H'(U), n,(x) e H'(U ). Then we have
H(¢) =H(0).

where

[ el e [T poagax

2 1
r +§

H()=|E[ + H*|E,

EX

L + 22
2 L 2

2
LZ’

?.

n)(
Proof. Taking the inner products of (4) and —E, . Since

Re(iE,,~E,)=1m(iE,, E,) =0,

1>t

1d 2
Re(E,.~E,)=Re(E,.E,) =2 £}
H> d
Re(-H’E,,., ~E,)=H Re(E,,, E.)=" B %

Re(nE,—E,):—%L n|E[] dx

— L e are L[ n e a,
2.de-" 290
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Re(/(E[)E,~E, )= —% [ £QED|E] ax

1 d g
=—2 4 )], f(©azdx
it follows that
d EP
E[ E|L+H|E|. + jD n|E|" dx+ j jo f(§)d§dx} = jD n|E[ dx. (8)
Taking the inner products of (6) and n, . Since
1d, e
(—n, nt) = _55”” 2o
H? d
(Hznxx, nt) =—H*? (nx, nxt) = —75 n, iz ,
it follows that
1d, o0 H*d 2 2
J-u (ptntdx :Ea”n”ﬁ +75 LN | +ju |E| ntdx (9)
Taking the inner products of (5) and ¢, . Since
1d 2
(_(pxx’ <Dt ) - ((px’ (pxt ) _55 (Dx 2
it follows that
1d
jD omds+——|o, 5 =0 (10)

Hence from (8)-(10) we get
i[ L+ H?
dt

L

E

X

EXX

o

B (L LV P N
dr| 21" T I T I
Letting
HO) =B+ B[ + [ nlE] e+ [[7 r()deds
+l||n2 A B Lo
2 2 2 x| 2 2 (Px K
It follows that
H(¢) = H(0).
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Lemma 3 (Gagliardo-Nirenberg inequality [10]). Assume that u e L'(0"), D"ue L'(U"),

1<¢g,r<00,0< j<m,we have the estimations

J m
HD u JZAGES < CHD u @ )”u o’
where C is a positive constant, 0 < J <a<l,
m
1 1 1
——=i+a(——ﬁj+ﬂ—a}<
p n ron q

Lemma 4. Suppose that
(i) Ej(x)e H* (), ny(x)e H' (D), @,(x)e H'(T).
(1) f(&)eCl), | f(E)|cME". Where M >0, 0<y <4.

Then we have

2
x||z?

2
x|l 2

E

XX

2
e

+

LZ
Proof. By Holder inequality, Young inequality, there holds

[ ds|< ], | < IIHIIZ +[E -

=

using Gagliardo-Nirenberg inequality and Young inequality, we write

2
x |2

1,

L4_ LZ_

And noticing that f(§)e C(UU), | f(§)ISME”, we get

|EP

If}

Using Gagliardo-Nirenberg inequality and noticing that 0 <y <4, we write

SIIOEle(gydgdx:%lelz(yﬂ) dx

7 3 +4
J'IE |2(7+1) dx<C Exx 2 E B +C.
Note that from Lemma 2 and eq. (11)-(14) , one has
1 » H? » 1y e H? > 1
SIENe + 1B, +z||” PR (N Py 1z <

we thus get Lemma 4.

Lemma 5. Suppose that the conditions of Lemma 4 are satisfied. Then we have

£,

oo il +led,. s c
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<[H(0)|+C.
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Proof. Taking the inner product of eq. (4) and @, eq. (5) and { , eq. (6) and ¢ , it follows

that
(iE,+E,-H’E,,., ®)=(nE+f(E[)E, ®) (15)
(n,~o., £)=0 (16)
(¢, —n+Hn,~|EF, £)=0. (17)

where V &, &, e H] (i=1,---,N), ®=({,,--,¢,).
By Holder inequality and Gagliardo-Nirenberg inequality, it follows from eq. (15) that
(B, @) <|(Eer @) +[(HE e @) +[(nE, @) +[( £ EPE, @)

xxxx 2

=[(E. o)+ 17 |(E,, @)

+|(nE, )|+|(£U EPIE, @)

2y+1
227D

E

XX

o

XX

<|E.

], +£°

2+l 1] @] + 2 |E]
1 3 1 3

4 4
xLGLzEx E

o, A

7+l
LZ

|L2 | ?

4
LZ

4
LZ

<C|o
<C|o

o ||, +C @ E . |E. |®

L2+C

n

L2+C

2 2

Hy

Using Holder inequality, from eq.(16), there is

(nt’ é,)‘ = ‘(Q)XX’ é)‘ = ‘((Px’ §V)
From eq. (17) and Holder inequality, we have

(2 &) <[(m O +|(Enes ) +[(1EP. ¢))
(m N+ H|(n ¢ +[1EF, ¢))
<|n|: ), +H* ¢,
<Cle], +c E,
<Clell, -

<

-

r < C”§

o, p (19)

L2

g

L 3
2 2
2 EIE el

(20)

2
I

2 n, ? ? +||E 1?

S

L2+C

Hence from(18)-(20), one obtain Lemma 5.

3. The existence of generalized solution

In this section, we formulate the proof of Theorem 1. First we give the definition of

generalized solution for problem (4)-(7).

Definition 1. The functions E(x,tye (0 " HHYNW™ (O " H ™),
n(x,ye (0 HYNW (O H™, o(x,)e "0 HYNAW™ O *;H™) are called
generalized solution of problem (4)-(7), if they satisfy the following integral equality
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(iEmt’é,)-‘_(me’ g)_HZ(mex, é,xx)
=(nE,,§)+(L(EPE,. &), m=1,-,N,

(n, &)+(o,., £,)=0,
(9. §)=(n ¢)-H(n,. ¢.)-(EF., ¢)=0.
with initial data

E |t:o: Eo (x)7 n |z:0: n, (x)7 ® |z:o: (2 (x)’
Next, we give two lemmas recalled in [11].

Lemma 6. Let B, B, B, be three reflexive Banach spaces and assume that the embedding

B, — B is compact. Let
’ . o, )
W= VGLO((O,T),BO),EEL1((O,T),B1) > T<OO,1<p0,pl<OO.

W is a Banach space with norm

71, =17

L7 ((0,T);By) + ||I/t ||LPl (0,7%:B) "
Then the embedding W — L ((0,T); B) is compact.
Lemma 7. Let Q2 be an open set of []” and let g, g, € L”(11"), 1< p <o, such that

<C.

g, —>g aeinQ and .

8.
Then g, — g weakly in L7 (Q).

Now, one can estimate the following theorem.

Theorem 2. Suppose that
() E,(x)e H*(0), ny(x)e H' (D), @,(x)e H' (D).
(i) f(&)eCl), | f(E)EME". Where M >0, 0<y <4.
Then there exists global generalized solution of the initial value problem (4)-(7).
E(x,)e L*(0 5 HY) W ([ "5 H?),
n(x,tye (0 HYNW™= O H™,
o(x,)e L0 HYNAW™ @O H™).
Proof. By using Galerkin method, choose the basic periodic functions {,(x)} as follows:
—Aw;(x)=2,0,(x), 0,(x) € Hy (Q), j=1,2,---,1.

The approximate solution of problem (4)-(7) can be written as
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E'(x,t)= Zl:,aj(f)w\,«(x} n'(x,0) = _Z[:,ﬂf(t)@f (x), ¢'(x,0)= ZI}Vﬁ (Nw,(x),
= = =
where
E'=(El, - Ey), aj()=(a},),, a}y(®)),
and Q is a 1-dimensional cube with 2D in each direction, that is, Q= {x|| x|< 2D}. According
to Galerkin's method, these undetermined coefficients aj. (1), ﬁ]l (t) and }/; (t) need to satisfy the
following initial value problem of the system of ordinary differential equations

(iE,,. 0, )+ (E}y. 0, ) - H* (E),.. 0,,)

mt > mxx 2 mxx

=(nE}, 0. )+(f(E'P)E), @), m=1,-,N, .
(n 0, )+(ph o, )=0, k=121, (22)
(o), 0, )=(n', 0, )= H*(nl 0, )~ (1 E'F> ,)=0. (23)
with initial data
E' = Ey(x), n'|,=m(x), @' |_o=p(x), (24)

Suppose

Ey(x) " E,(x), () — (), 9)(x)—L—g,(x), 1>
Similarly to the proof of lemma 1-5, for the solution E'(x,?), n'(x,t), ¢'(x,t) of problem (21)-
(24), we can establish the following estimations

|

ot el <€ ©5)

H'

i

n,

Ell|l  + o  <C. (26)

H—Z

where the constant C is independent of / and D . By compact argument, some subsequence of

H! +

H—l

(El, n', qpl), also labeled by 7, has a weak limit (£, n, ¢). More precisely

E' > E in L*(0";H?) weakly star, (27)
n'—>n in L0 H") weakly star, (28)
o' —>¢ in L°(07;H'") weakly star. (29)
Eq. (26) imply that
E' >E in L[*(0",H?) weakly star, (30)
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n'—n in L°(0°,H") weakly star,

o' —>¢@, in L°(0*,H") weakly star.
Moreover, let us note that the following maps are continuous.

HOH->L'O%, uu,

H'OHxIOH->L0O?), (u,v) uv.
It then follows from eq. (27) and (28) that

[E" > w in L°(0",1%) weakly star, (31)

nE'>z in L[°(0",I*) weakly star. (32)

First, we prove w= |E |2 . Let Q be any bounded subdomain of [J . We notice that
the embedding H*(Q) — L*(Q) is compact,
and for any Banach space X,
the embedding L*( *, X) — L*(0,T; X) is continuous.
Hence, according to eq.(27), (31) and Lemma 6, applied to B, = H*(Q), B=L'(Q), B, = H*(Q),
and says that some subsequence of E'|, (also labeled by /) converges strongly to E|, in
L*(0,T; L' (Q)). So we can assume that
E' - E stronglyin L*(0,T;L; (Q)), (33)
and thus
E' 5 E aein [0,T]xQ.
Then, using Lemma 7 and eq. (31) imply that w= |E |2 .
Second, we prove z =nE . Let  be some test function in L*(0,T; H'), suppy c Q] .
J.OT L (n'E' —nEWdxdt = J.OT .[Q n' (El - E)l//dxdt + jOT .[Q (nl — n)El//dxdt.

On one hand

E )y dxdi| <|n’

!
17(0,T:12(Q)) H 120,T:14(Q)) I l//“LZ(O,T;L“(Q))'

Since Q is bounded, we deduce from eq. (28) and (33) that

j j E)ydxdt —0 (I - +o0).

On the other hand, let us note that Ey e L'(0,T;L*). In fact
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”EWHL‘(O,T;LZ) < ”E”Lz(o,r;ﬁ) H W||L2(0,T;L4) < .
Therefore we deduce from eq. (28) that
[ ], ' =mEpdvdt -0 (1 — +0).

Thus n'E' - nE in I*(0,T;H").So z=nE .

Hence taking / — oo from eq. (21)-(24), by using the density of ®; in H}(Q) we get the
existence of local generalized solution for the periodic initial value problem (4)-(7). letting
D — oo, the existence of local solution for the initial value problem (4)-(7) can be obtain. By the
continuation extension principle and a prior estimates, we can get the existence of global

generalized solution for problem (4)-(7).

We thus complete the proof of Theorem 2. Hence one can get Theorem 1.

Conclusion

This paper considers the existence of the generalized solution to the initial vale problem for
a generalized Zakharov equation by a priori integral estimates and Galerkin method, one has the

existence of the global generalized solution to the problem.

Discussion
One can regard (1)-(2) as the Langmuir turbulence parameterized by H (0< H <1) and

study the asymptotic behavior of the systems (1)-(2) when H goes to zero.

Acknowledgments

The author would like to thank the support of National Natural Science Foundation of China
(Grant No. 11501232) and Research Foundation of Education Bureau of Hunan Province (Grant
No. 15B185).

References
1. V.E. Zakharov, “Collapse of Langmuir waves”, Sov. Phys. JETP, vol. 35, pp. 908-914, 1972.
2. J. Holmer, “Local ill-posedness of the 1D Zakharov system”, Electron. J. Differential
Equations, vol. 24, pp. 1-24, 2007.
3. H. Pecher, “An improved local well-posedness result for the one-dimensional Zakharov
system”, J. Math. Anal. Appl., vol. 342, pp. 1440-1454, 2008.
82



10.

11.

12.

13.

14.

B. Guo, J. Zhang, X. Pu, “On the existence and uniqueness of smooth solution for a
generalized Zakharov equation”, J. Math. Anal. Appl., vol. 365, pp. 238-253, 2010.

F. Linares, C. Matheus, “Well Posedness for the 1D Zakharov-Rubenchik system”, Advances
in Differential Equations, vol. 14, pp. 261-288, 2009.

F. Linares, J. C. Saut, “The Cauchy problem for the 3D Zakharov-Kuznetsov equation”,
Discrete and Continuous Dynamical Systems, vol. 24, pp. 547-565, 2009.

S. You, “The posedness of the periodic initial value problem for generalized Zakharov
equations”, Nonlinear Analysis: TMA, vol. 71, no. 7-8, pp. 3571-3584, 2009.

S. You, B. Guo, X. Ning, “Initial Boundary Value Problem for a generalized Zakharov
Equations”, Applications of Mathematics, vol. 57, no. 6, pp. 581-599, 2012.

N. Masmoudi, K. Nakanishi, “Energy convergence for singular limits of Zakharov type
systems”, Invent. Math, vol. 172, pp. 535-583, 2008.

A. Friedman, “Partial Differential Equations”, Holt, Reihart and Winston, Inc., New York,
Montreal Que, London, 1969.

J. L. Lions, “Quelques methods de resolution des problemes aux limites non lineaires”,
Dunod Gauthier Villard, Paris, 12 and 53, 1969.

A. R. Seadawy, “Stability analysis for Zakharov—Kuznetsov equation of weakly nonlinear
ion-acoustic waves in a plasma”, Computers and Mathematics with Applications, vol. 67, pp.
172-180, 2014.

Ismail Aslan, “The first integral method for constructing exact and explicit solutions to
nonlinear evolution equations”, Math. Meth. Appl. Sci., vol. 35, pp. 716-722, 2012.

S. You, B. Guo, X. Ning, “Initial Boundary Value Problem for Modified Zakharov
Equations”, Acta Mathematica Scientia, vol. 32B, no. 4, pp. 1455-1466, 2012.

83



