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 Abstract 

   In this paper, we derived a Four-Step hybrid block method for the solution of 

general                     first order Initial Value Problem (IVP) in Ordinary Differential 

Equations (ODEs) by collocation and interpolation techniques and with Chebyshev 

polynomial of the first kind as basis function. The properties and feature of the 

method are analysed and numerical examples are also presented to illustrate the 

accuracy and effectiveness of the method.  
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        1. Introduction 

   Mathematical models are developed to help in understanding physical phenomena. 

These models often yield equations that contain some derivative of an unknown 

function of one or several variables. Such equation are called Differential Equation 

(DE). The LMMs  have the advantage of been self-stating and permitting easy change 

of step length. The Chebyshev polynomial of the first kind over the interval 1,1][  is 

highly desirable in approximation of function as the error involve is evenly distributed 

in the entire range of consideration. 

 We consider an approximation for the solution of general first order Initial Value 

Problems )(IVP  of the form;  

 00 =)()),(,(=)( yxyxyxfxy'
 (1) 

Where f is a continuous function over an interval of integration. 

  The solution of (1) is extensively discussed in literatures [1 - 9]. [10] develped a 
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Four-Step block hybrid method with one offstep point for numerical integration of 

(1). [11] Proposed a three-step first derivative numerical itegration scheme for IVPs in 

ODEs.  

In this direction, we are then motivated in this paper to developed a Four-Step hybrid 

block method by introducing four off step points selected to guarantee zero stability to 

generate the method for solving ODEs . 

In section 2, we shall present the construction of our proposed numerical scheme for 

problem (1) . Section 3 provides an analysis for derived scheme while section 4 

illustrates the method using some selected test problems . Finally, the paper is ended 

in section 5 with some concluding remarks . 

       2. Derivation of Hybrid Method 

  In this section, we intend to construct the proposed four-step LMMs  which will be 

used to generate the method. We consider an approximation of the form:  

 )(=)(
1=

0=

xTaxy jj

qpn

j




 (1) 

and  )(=)(
0=

xTaxy jj

n

j

   (2) 

where ja  is unknown co-efficients and )(xT j  are polynomial basis functions of 

degree 1=  qpn , where the number of interpolation points is p and the number of 

distinct collocation points q are, respectively, chosen to satisfy kp 1  and 0>q . 

The integer 1k  denotes the step number of the method. 

To derive this, four offstep points are introduced. These offstep points are carefully 

selected to guarantee zero stability condition. For the method, the offstep points are 

)
2

7
,

2

5
,

2

3
,

2

1
(=iv  Using (2.1) and (2.2) with 9=1,= qp , we have a polynomial of 

degree 1 qp  as follows:  

 jj

j

Taxy 
9

0=

=)(  (3) 

with first derivative,  

 )(=)(
9

0=

xTaxy jj

j

   (4) 

 interpolating (2.3) at nx , while collocating (2.4) at )4
2

1
0(=nx  we obtain. 
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Solving this by Gaussian Elimination method, with the aid of Maple yields 
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 Substituting (2.5) into (2.3) gives 
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where )(tj  and )(tj  are continuous coefficients obtained as 
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Evaluating (2.7) at 
2

1
n

x , 1nx , 
2

3
n

x , 2nx , 
2

5
n

x , 3nx , 
2

7
n

x , 4nx  the following discrete 

schemes are obtained 
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The equations , , , , , , ,  together form the      

Block Method as  (2.8)  

 

 

3.  Analysis of the Method 

3.1   Order of the Methods 

     We define a Linear operator L defined by:  

)]()([=]:)([
0=

jhxyhjhxyhxyL njnj

k

j

   (3.1) 

where y(x) is an arbitrary test function that is continuously differentiable in the 
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interval [a,b]. Expanding )( jhxy n   and )( jhxy n   in Taylor series about nx  and 

collecting like terms in h and y gives:  

 )(...)()()(=]:)([ (1)

2

(1)

10 xyhCxyCxyhCxyChxyL pp

p  (3.2) 

Definition 3.1 

  The differential operator (3.1) and the associated sLMM  are said to be of order p if   

          00,=...=== 1210 pp CCCCC  (3.3) 

Definition 3.2 

 The term 1pC  is called error constant and it implies that the local truncation error is 

given by  

 )0()(= 211

1



  p

n

pp

pkn hxyhCE  (3.4) 

 

Following Definition 3.1 and 3.2, the above  Method obtain is of order 

 C0 = C1 = C3 =C4 = C5 = C6 = C7 = C8 = C9 = C10 = 0  

and error constant    

 

 

 

 

 

 

 

3.2 Consistency and Zero Stability 

Definition 3.3 

 The linear Multistep Method is said to be consistent if it has order 1p . 

Definition 3.4 

 The Hybrid Block Method is said to be zero stable if the roots R of the characteristic 

polynomial )(Rp , defined by:  

 ][=)( 0 ARAdetRp   

satisfies 1|| R  and every root with 1|=| 0R  has multiplicity not exceeding two in the 
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limit as 0h  

 

3.4   Convergence. 

 The main aim of a numerical method is to produce solution that behave similar to the 

theoretical solution at all times. The convergence of the continuous Hybrid Four-Step 

Method is considered in the light of the basic properties discussed earlier in 

conjunction with the fundamental theorem of Dahlquist [11] for linear multistep 

method. We state Dahlquist theorem without proof. 

Theorem 3.1 

 The necessary and sufficient condition for a multistep method to be convergent is for 

it to be consistent and zero stable. 

 Putiing (2.8) in matrix form as a block we obtain  
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     The first characteristic polynomial of the above matrix is given by ][=)( ARAdetR   
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 1)]([=)( 7 RRR  

Therefore 0=R  and 1=R . The hybrid method is zero stable. 

The block method (2.8) is convergent in the light of Theorem 3.1.  

4. Numerical Example 

   We now illustrate the self starting scheme (2.8) with numerical examples below. All 

calculations and programs were carried out with the aid of Maple. 

The following notations are adopted in the tables below. 

x : Value of the independent variable where numerical value is taken. 

)( nxy : Exact result at  

ny : Our numerical result at x. 

Example 1 

10    0.1,=1,=(0)0,=)()(  xhyxyxy  

Exact Solution  = 
xe
 [9] 

 

Example 2 

10    0.01,=1,=(0)0,=)(5)(  xhyxyxy  

Exact Solution  = 
xe5
 [8] 

  

            

 

 

 
Table 1a :Numerical Solution for Example 1 

 

X y          [9] 

0.0 1.0000000000 1.0000000000 1.0000000000 
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0.1 0.9048374180 0.9048374180 0.9048374180 

0.2 0.818730753 0.818730753 0.818730753 

0.3 0.7408182207 0.7408182207 0.7408182205 

0.4 0.6703200460 0.6703200460 0.6703200461 

0.5 0.6065306597 0.6065306597 0.6065306603 

0.6 0.5488116361 0.5488116360 0.5488116368 

0.7 0.4965853038 0.4965853038 0.4965853042 

0.8 0.4493289641 0.4493289641 0.4493289649 

0.9 0.4065696597 0.4065696597 0.4065696606 

1.0 0.3678794412 0.3678794411 0.3678794420 

 

                   

           

 

 

 

              
Table 1b Comparison of Error for Example 1 

 

 

 

   x   Proposed      

Scheme  

    [9] 

   0.1   0.0       0.0  

  0.2   1.0 x 
1010

     0.0  

  0.3   0.0   2.0 x 
1010

 

  0.4   0.0   1.0 x 
1010

 

  0.5   0.0   6.0 x 
1010

 

  0.6   1.0 x 
1010

  7.0 x 
1010

 

  0.7   0.0   4.0 x 
1010

 

  0.8   0.0   8.0 x 
1010

 

  0.9   0.0   9.0 x 
1010

 

  1.0   1.0 x 
1010

  8.0 x 
1010

 

 
 

 

Table 2a :Numerical Solution for Example 2 

 
X        [8] 

0.0 1.000000000 1.000000000 1.000000000 

0.01 1.051271096 1.051271096 1.051271097 

0.02 1.105170918 1.105170918 1.105170917 

0.03 1.161834243 1.161834243 1.161834244 

0.04 1.221402758 1.221402758 1.221402758 

0.05 1.284025417 1.284025417 1.284025418 

0.06 1.349858808 1.349858807 1.349858808 
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0.07 1.419067549 1.419067548 1.419067551 

0.08 1.491824698 1.491824698 1.4918247 

0.09 1.568312185 1.568312185 1.568312188 

  

               

 

               

 

 

 

 

 

 
Table 2.b Comparison of Error for Example 2 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 Discussion 

    Computer program is written for the implementation of the  Hybrid Block Method. 

The method developed where tested respectively on two numerical examples for 

general first order ordinary differential equation in the last section. The derived 

method converge  

more faster to the exact solution, when campared to [9]  and [8] as we can see in 

TABLE 1b and TABLE 2b. Therefore our method is comparable with the existen 

methods. 

 

5. Conclusion 

    The approach adopted for the derivation of the block method involve interpolation 

and collocation at appropriate selected points. The proposed order ten hybrid block 

  X Proposed  

Scheme 

      [8] 

0.01     0.0  6.2 x 
1010

 

0.02     0.0  1.1 x 0910  

0.03     0.0  1.3 x 
0910

 

0.04     0.0  1.6 x 1010  

0.05     0.0  1.3 x 
0910

 

0.06  1.0 x 0910   4.2 x 1010  

0.07  1.0 x 
0910

  2.4 x 
1010

 

0.08  1.0 x 0910   2.4 x 0910  

0.09     0.0  2.5 x 
0910
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method for general first order ODEs was found to be zero-stable, consistent and 

convergent. Numerical evidences shows that the method proposed here perform 

favourable when compared with existing scheme as it yielded better accuracy. 
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