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Abstract. In this paper some special determinants have been computed, that is the key
works are in simulate engineer, desire the out line from some given points to obtain the
unknown curve. In this paper the continuous of computing special determines which are
the determinants of order 3n, and consist of 0,1,2 order differentials. Namely ,: elements

of roads from 1 to n in the determinants are the 0 oder differentials of

xij (i, j =0,1,2...n) . The elements of roads from n+1 to 2n in the determinants are the 1
order differentials of x, (i, j = 0,1,2...n). The elements of roads from 2n+1 to 3n in the

determinants are the 2 order differentials of xij (i,j=0,12..n) In one word, it is

high-order determinants.
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1 Introduction

Computation the special determinants of high- order is necessary to obtain the
interpolation, which is important in simulation engineer. and the results of paper [1]
have been applied in the Hirmit interpolation of two variables.But the special
determinants is lower order than Paper [2].and the elements only contain one order
differential. In papers [2], the special determinants are (3n+3)-order and their elements
are contain differential of two-order . From the computation of special determinants, a lot

of results . have been obtained. Where the theorem 2.5 is an example

Lemma 1.1.

DBn+3),,, =" (x=x)) (x, = x,)" ﬁ(x,. — %)’ [D@n+1),,

(1.1).
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Where D(3n +3),,,,is the cofactor of the following determinants:

1 x, x x xm!
11 x x x; xm!
11 x, xX X . xm!
11 x x x .. X!
0 0 1 2x, 3x; .. @u+lx)"
DGn+3) = 0 0 1 2x 3x) .. @r+Dx"

0 0 1 2x, 3x> .. @u+Dx"

! ! 1
o0 o 2 3, GuD!..,

0 1! Gn-1)!

! ! !
00 o 203 Gu+D! .

0! 1! (Bn-1)! (1.2)

and D(3n+1),,,D(3n+1) D@Bn+1),,,,,,, are the cofactor of the following determinant

n+l+k,1°

D@3n+1):
01 x, x x5 .. o
1 x x  x . x"!
11 x x x . !
1 x XX . X!
0 0 1 2x 3x .. GBu-x"°
D@Bn+1)= (1.3)
0 0 1 2x 3x .. GBu-Dx"?
131 !
00 o 2 3 GrDlae
o 1 (3n-3)!
Y !
00 0 2 3y . Or=Dlae
0! 1 (3n-3)!
From form 1.1, we can see the cofactor D(3n+3),,,,  of the determinant D(3n +1)

in form (1.3), The determinants , which is high order determinants, has been reduced to
be the sum of several lower order determinants.But to obtain the interpolation , the
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computation of the determinants for the more high-order must be done. Following form is
the result.

2.1 The main results

D@n+4),,, =(-1)""2(x-x) (x, - x)°| | (x; - x,)’ [D(3n +1),,

i=k

3 2.3
D(3n + ]) 14k + —ZD(3n + 1)2n+1+k,1 °
X, =X, Xy =X

2.1)
where D(3n+4)y:314.1~ D(3n+4),421 are the cofactor of the determinants D(3n+4)
01 x, x; x5 . X"
11 x x x . X"
11 x, x2 X . X
11 x x x . xm
0 0 1 2x, 3x; .. (Bu+2)x;"
0 0 1 2x 3x5 .. Bu+2)x)"™!
D(3n+4)= .
0 0 1 2x, 3x3 .. Bn+2)x)™
2! ! 2)!
o0 o 2 3, . Gn+dl,
0! 1! 3n!
2! ! 2)!
o0 o 2 33, Gn+dl,
0! 1! 3n!

! ! !
o0 o 2 3,  Gn+dl,
o 1! 3n!

(2.2)
Proof: Begin from last column of D(3n+4),:21 —Xx,times the k-1-th column to the
k-th column (k=3n+4,3n,.., 2,1), then expand the determinant along row 1 and then
extract out the common factor x, —x,from row i in D(3n+4),21 (i=1,2,...... ,n). So

above determinant becomes:

D3Bn+4),,, =D 2(x - x) (x, - x) ¢ } (x, —x,)’ 4 (2.3)

=
i=k

where
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D@Bn+4),,,,=

)

S o = =

[

2x,
2!
0!

2!
0!

3!
"

| o o o o o N o o e e e

—

-

3n+2

3n+2

3n+2
Xyt

3n+2
Xpi1

x3n+2

n

3n+2
X

Bn+2)x;""

Bn+2)x)""!

GBr+1))"!
GBr+1)x"!

Gn+D)!

GBn-1x"*

(3n - l)x,f”‘2

(Bn-1)! 3
GBn-2)""

(Bn-1)! 33
Bn-=-2)!"
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< row

< row

2.4)

n+k

2n+k

(2.5)



where

2 2 2
a=3x, —6x,x,+3x; =3(x, —X,)".

3

3 2 2
b=4x, —9x_x, + 6x,x, — X

=3x,(x, - x,)+(x, —x,)°.

c=Gn+2)x."™ —3@n+ Dx"x, +3x3nx." "' x2 - Bn-1)x"x].

i’: " (x, x0)+i—!!(3n—1)x,‘:’"'2(xk—xo) 53" 1;, x," 7 (x, = x,)°
=i—;xk—3x%=i—:(xk X,)
e=4—'xk—2xi’—;xkx0+2x(2):%xkx0—i—!!xkxo+3x§'x§

=i—!!(xk x0)2+3;xk(xk x,)

=Bn+2)x,""' =23n+1)x)"x, +3nx,""'x; - Bn+1)x,"x,
k
+2x3nx,""'x; -(Bn-1x,"*x,

=x"" +@n+ D)X =3@n+1Dx.)"x, +9nx""'x; - (3n-1)x,""x,

3n 1(

3' (3” 1) 3n 2( _ ) + (3” - 1)! 3n-3

1 Gn-2)!* Guo3y %)

1! X, — X))+

According to the determinants property the determinants A ,can be rewritten to be

A=D +D,+D,+D,+ D, + D,. (2.6)

Where
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1 X,
1 X1
1 Xpa1
1 X,
1
0 1
3(x, - x,)" 3x,(x, -x,)
0 1
0 0
3! !
E(xk X,) ﬁxk(xk - X))
0 0
3(x, —x,)" 3x,(x, —x, )2

3n-1
XH

3n-1
Xyt

3n-1
Xpi1

3n-1
X n

n

3n-1
X

Bn-1x"?

3n-1
3x;

(xk =X )2
GBrn-1x"?
@Bn-1)! 33
@Bn-3)"*

3! .
sz l(xk_x())

Bn-1)! 33
@Bn-=3)!"*

3x,f”'1 (x, - xo)2

(Bn-Dx"?

46

< Row(n + k)

< Row(2n+k)

(2.7

< Row(n + k)

< Row(2n + k)



3(x, - xo)2 3x, (%, = x, )2 L 3x2n_1 (X, _x0)2 < Row(n+k)

L
GBGn-1! ,,_
’ ’ Grop G x| Row@n + )
ES
3 3n-2 3
0 (x, —x,) L Gu-Dx""(x, —x,) < Row(n+ k)
Y 31 30,
F(xk - X,) ka(xk -X,) L sz "(x, - x, < Row(2n + k)
*
0 (x -x )3 i (Bn- l)xlin_z (X, = X, )3 < Row(n+k)

31 31 GBn-1)!
Ol g,y e Rone )
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()
~
!
o
=
f=}
~
w
—

3 _1 3n-2 _ 3
Bn=Dx,"" (x, = x,) < Row(n+k)

3! 31GBn-1)!
L F((3n_3))'xz 3(xk —x0)2 eROW(2n+k)

and only the entries of the (ntk)-th row and the (2n+k) -th row in

determinants D, , D,, D,, D, D,. have been written and the rest of entries of
each row are as the same with the corresponding entries of each row in determinant

D, ,and have been noted by *.

1
For D, put forward the common factor% (x, =x,)in Row(n + k), Row(2n + k) ,we

have
1 x . x)!
1 x,, xl?fl_l
1 xk+1 "cl:j-:-ll_1
1 x, x)m!
x3n—1
0 1 Bn-Dx;"?
= 3! 3 3n-1
D, = 3F(xk X)) x, .. x; < Row(n + k)
0 1 .. @n- l)xj"'2
-1
0 0 Bn-1)! xzn-3
(3n-3)!
1 x, .. x"! <« Row(2n+k)
-1
0 0 (3n 1)' x:n—3
(Bn-3)!
:0’
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(2.8)

That result of the elements in row n+k,and in 2n+k are same.

#
306, = %) 3% (% —x)” i 33" (o = x,)” < Row(n +k)
ah 3! 31 Bn-1)!
0 _'(xk _xO)Z L = ( n-1)! xiln-z(xk _xo)z < Row(2n + k)
1 1! X, ' Bn- 2,};"‘
#
3n-1
1 X, x,;_11 < Row(k)
1 X, X
1 X, x!
. x3n—1
0 1 Bn-1x"?
3( _ )2 3 ( _ )2 3 3n—1( _ )2
_P(x - x, X, (x, —x, X, (x, —x, — Row(n + k)
0 1 Brn-1x)"?
0 0 (3” - 1)! x3n—3
@Bn-=-3)!""
! ! -1!
0 %(xk -x,)" . %%xi“(xk - x,)’|< Row(2n + k)
0 0 (3” — 1)! x3n—3
@Bn=-3)! "
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3!
Put forward the common factor 3 (x, — x,)*in Row(n + k), and F(xk -x,)’ in

Row(2n + k) ,we have

1 X xf”'l
3n-1
1 x,_, .. X, Row (k- 1)
3n-1
1 x., Xia1
X, o xo!
x3n—l
3n-2
1 Bn-1)x;"
1 3n-1
1 x .. X,

D2=3x%ﬂxk—x04 <~ Row(n + k)

0 1 .. QGa-Dx?

0 0 (3” - 1)! x3n—3
@Bn=3)!"
-1
0 1 %xi'” < Row(2n + k)
n-2)!
(2.6)
-1
0 0 (3” 1)' x3n—3

GBn-3)1""

,Swap adjacent two row elements method row n+k, and 2n+k for row k and n+k

-1
respectively, and notice % = 3n - 1. The determinants (2.6) becomes:
n-2)!
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X X
1 x, .. x"! < Row(k)
3n-1
1 x, x,
1 X x3n—1
3n-1
0o 1 .. X,

0 1 .. @Bu-Dx"?| < Row(n+k)

. N
Dz =3x F(xk ) )4 x(_l)z 'x 0 1 .. @Bn- l)xin_z

Bn-1)! 32

0 0 :
(3n-3)!
-1
01 Gn-D! .,
(3n-3)! «<— Row(2n+k-1)
-1
0 o Gn-D! .y
(3n-3)!
=1
0 o Gn-D! 0
(3n-3)!
3! 4 2n-1
= 3% 06 = %) x (1) x|DGn+1),,,.,, | (2.7)

Similarly to obtain form (2.7), Put forward the common factor 3 (x, —xo)2 in

Row(n + k),and (x, — x,)’ in row(2n+k) ,and then,swap adjacent two row elements

method row ntk, for row k, we have:

3(x, - xo)2 3x, (x, = x, )’ L 3x2n_1 (x, _x0)2 < Row(n+k)
b L
=
Gn-1)! ..
’ ’ (3n-3)! X" (5 = %)’| <= Row(2n + k)
*
=3(x, - x,)° X (-1)" x|D@Bn +1),,,, , . (2.8)
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1
Similarly, put forward the common factor (x, - x,)*in row(n + k),and %(xk -x,)In

row (2ntk) and then swap adjacent two row elements method row 2n+k, for row k

respectively,
3 3n-2 3
0 (% =) L Gn=-Dx""(x —x)) < Row(n + k)
D, =
3! 3! 3! 5.
i (x, —x,) ka (x, —x,) L ka (x, —x, < Row(2n + k)

- %(xk - x,) (=D |DGn + 1), | (2.9)

) 3! 1 ) )
Because the elements in row(2ntk) are ——————  times of the elements in
1! (x, = x,)

row(n+k),

0 (x -x, )3 L (Bn - l)x,z”‘2 (x, —x, )3 < Row(n+k)

5
3! 31 Bn-1)!
O _(Xk _x0)2 L i ( n ) x3n—2 (xk _xo )2 - ROW(ZI’Z + k)

1! 1 @Bn-2)1""

D =0 . (2.10)
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%
0 (xk - X )3 t (31’1 - l)xz”‘z (xk - X, )3 _ Row(n ) k)
De=| 5, : 31 G- 2
0 F(xk - xo) L mek (xk - XO) <« ROW(2n + k)
%

1 X .ee xi""—l
1 xk_l xzfl_l
1 Xpa1 xiffl
1 X, xsn—l

e X1
0 1 eee (3” - I)Xfm_z

3 3n-2 3
- 0 (% =x) w Gr-Dx""(x, - x) <— Row(n+ k)
0 1 eee (3” - l)x;:m—z
0 0 M x3n—3
GBn-3)""
-1)!
0 0 %x’z"ﬂ (x, - X, )3 < Row(Zn+k)
0 0 M x3n—3
(Bn-3)1"

When the common factor (x, — x, )3 in row(n+k) is putted forward, we get:
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3n-1
1 x X,
3n-1
1 x,_, .. X,
3n-1
1 x,,, - Xl
3n-1
1 x, .. X,

3n-1
X n

0 1 .. @Bu-Dx"*

0 1 .. @u-Dx"?

D, =(x, - x,)° =(xk—x0)6‘D (3n+])]+kl‘

0 1 .. @Bu-Dx?

0 0 Bn-11 xlsn-s
(3n-3)!
0 0 Q@Bn-1)! ,,

(3n-3)!

-1)!
0o o . Gn=Dlis
Gn-3)!

2.11)

Above the results have been computed for the determinants .That results in:

D(3n + 4)1+k .= (_1)1+k+3n+8(x_ x0)3 (xi _ x0)9 [0

I=
i=k

D(3n + 1)n+1+k 1

!
+3 % %(xk - x,)' x(-1)*""x ‘D(3n + I)MM1 ‘ +3(x, - x,)° x(-1)"

3! 4 2n
+F(xk -Xx,)" x(-1)

D3n+1) 100 ‘*0 +(x, — x,)° |D(3” 1), |] .

=(-1)""*"(x - x,)* (x, - X, )“li)[(x,. -x,)’[0

i=k

3!
+3x (6 =)' x (D) ‘D(3n £ ‘+ 3(x, = %) x ()™ [D@n+1)

k,1
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3! nelt
+F(xk - x,)" x (=1)*"+1+

DBnH1) 4,0 +0+(x, = x)° x (=D [DGr+1),.,,

|-

Notice
(_1)2n+k = (_1)2n+1+k+1
(_1)n+1+k = _(_1)n+l+k+l
(_1)2n+1+k = _(_1)2n+1+k+1

The determinants D(3n+4),,,, is:

D@3n+4),,, = (-1 x2(x - x,)’ T](x; - x,)°[0

i=k

D3Bn+1)

n+l+k,1

3!
+3x (=) x DM D@ D), =305 - ) (1)

3!

_F(xk _ x0)4 ><(_1)2n+1+k+1

DBnH1) 5,00, = (3, = %) x (=1

D(3n + 1)k,1\].

2 2x3!
= (1)312(x- x0)31"[(x,. -x,) l T (x, —x))'DBn+1),,,,.,., -3(x, -x,)°D3n+1),,,,,,

i=k

+(x, = x,)°D(3n+1), ] .

_ (_]) 3n+1 2(x - X, )3 (xk - x, )6 - (xi - x0)9 [1)(3n + l)k,] - ;0(311 + 1)n+1+k,1
-t ( k= 0)
'
+ zx—&zDB" + 1)2n+1+k,1
(X, = x,)

That is form (2.1).
Similarly following theorem can be get;

Theorem 2.12

D(3n+4) ., = D¥™'2(x-x,)  (x, - xo)ﬁl_‘[(x,. = %) [PGn 1)1,

ik
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X =X

D(3n + 1)2n+1+k,l ] .

Theorem 2.13.

3n+5 -
('1) 2(x = x,) (%, = x,)°| | (x; = %,)’ DGBn + ) SE

ik

D(3n+4)

2nedk,]

Theorem 2.14.

D(3n +3)1.1 =(-1) 3n+62(x_x1 )3 (x _xl)]i[(xi _x1)9[D(3n)11 - D(@n),,,, 1.

Xo =X
(2.12 D

where D(3n+3),; is the cofactor of D(3n+3)in paper [], and D(3n),, D(3n)

n+2,1

are the cofactor of following determinant D(3n):

2 3 3n-2

01 x, x X, X,
2 3 3n-2

1 1 x x X, e X;
2 3 3n-2

X, X, X, '

2 -
X x° x>"?

x
1 2x, 3x; .. @Bn-2)x;7°
1 2x, 3x} .. @n-2)x"°

S O =
S O = -

D(3n) = .
0 0 1 2x, 3x2 .. (Bu-2)x"7°
! ! - !
00 o 2 3, | Onoa
0! 1! Gn-4)!
! ! - !
o0 o 2 3,  Gn=2Dl.
0! 1! (3n - 4)!
! ! - !
00 o 23 Gn-2)! .,

o 1T Greay
Where each item of x, has disappeared comparing with D(3n+3) in form( )
3 Conclusion.

From the compute the special determinants of high-order. the relationships of

determinants and their minor cofactor have been obtained namely theorem 2.1 theorem
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2.2, theorem 2.3, theorem 2.4 theorem 2.5. As same as paper [1-4] the relationships will
be used in simplifying more complex addition of fraction, and solve more complex
matrix equation. This is significant of simulation technology, for example, to design
outline in engineering, In interpolations the method 1is very useful to solve the
problems of mathematical modeling , Subject the limit of papers, the results, which

have not been seen in papers [5-16] will be public in other paper .
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