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Abstract

We develop a new method for group decision making under risk and uncertain environments. We introduce the uncertain induced generalized probabilistic ordered weighted averaging weighted average (UIGPOWAWA) operator. It is an aggregation operator that ...
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1. Introduction

Group decision making problems are very common in the literature (Figueira et al., 2005; Gil-Aluja, 1999) and have been studied from a wide range of perspectives (Merigó, 2011a; 2011b; Merigó and Wei, 2011; Torra and Narukawa, 2007). In order to analyse a decision process, we need to use a wide range of mathematical and statistical tools. A key issue is the aggregation process that can be assessed with an aggregation operator (or function). Some of the most well-known aggregation operators are the weighted average and the probabilistic aggregation. Another interesting aggregation operator is the ordered weighted average (Yager, 1988). It provides a parameterized family of aggregation operators between the minimum and the maximum. Since its introduction it has been studied and applied by a lot of authors (Beliakov et al. 2007; Yager and Kacprzyk, 1997; Yager et al. 2011). The OWA operator can be generalized by using order inducing variables forming a more complex reordering process in the aggregation that we call the induced OWA (IOWA) operator (Yager, 2003; Yager and Filev, 1999). It can also be generalized by using generalized and quasi-arithmetic means forming the generalized OWA (GOWA) operator (Yager, 2004) and the Quasi-OWA operator (Fodor et al. 1995). Recently, Merigó and Gil-Lafuente has suggested a further approach that generalizes the previous aggregation operators. They called it the induced generalized OWA (IGOWA) operator.
Several authors have developed different models that unify the OWA operator with the probability (Engemann et al. 1995; Merigó, 2010; Merigó and Wei, 2011; Yager et al. 1996) and with the weighted average (Merigó, 2011a; Torra, 1997; Xu and Da, 2003). Recently, Merigó (2009) has suggested a more general framework that unifies the probability, the weighted average and the OWA operator in the same formulation and considering the degree of importance that each concept has in the aggregation. He called it the probabilistic OWA weighted average (POWAWA) operator.
...
2. Preliminares

In this Section, we briefly review the interval numbers, the OWA operator, the POWAWA, the IOWA and the UIGOWA operator.

2.1. Interval numbers
The interval numbers (Moore, 1966) are a very useful and simple technique for representing the uncertainty. They represent imprecise information considering the minimum and the maximum result that can occur. Sometimes, they can also give more details on the internal part of the interval.For example, if we assume a 4-tuple (c1, c2, c3, c4), that is to say, a quadruplet; we could consider that c1 and c4 represents the minimum and the maximum of the interval number, and c2 and c3, the interval with the highest probability or possibility, depending on the use we want to give to the interval numbers. Note that c1 ( c2 ( c3 ( c4. If c1 = c2 = c3 = c4, then, the interval number is an exact number; if c2 = c3, it is a 3-tuple known as triplet; and if c1 = c2 and c3 = c4, it is a simple 2-tuple interval number.

...
2.2. The OWA operator
The OWA operator was introduced by Yager (1988) and it provides a parameterized family of aggregation operators between the maximum and the minimum. It can be defined as follows.
Definition 1. An OWA operator of dimension n is a mapping OWA: Rn → R that has an associated weighting vector W of dimension n with 
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where bj is the jth largest of the ai. 

Note that we can distinguish between the descending OWA (DOWA) operator and the ascending OWA (AOWA) operator. The OWA operator is a mean or averaging operator. This is a reflection of the fact that the operator is commutative, monotonic, bounded and idempotent. Different families of OWA operators can be used by choosing a different manifestation of the weighting vector (Merigó and Gil-Lafuente, 2009; Xu, 2005; Yager, 1988; 1993; Yager et al. 2011).
2.3. The probabilistic OWA weighted average
The probabilistic ordered weighted averaging weighted averaging (POWAWA) operator is an aggregation operator that unifies the probability, the weighted average and the OWA operator in the same formulation considering the degree of importance that each concept has in the aggregation (Merigó, 2009). It is defined as follows.
Definition 2. A POWAWA operator of dimension n is a mapping POWAWA: Rn ( R that has an associated weighting vector W of dimension n with wj ( [0, 1] and 
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where bj is the jth largest of the ai, each argument ai has an associated weight vi with 
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, and vj and pj are the weights vi and pi ordered according to bj, that is to say, according to the jth largest of the ai.

By using a different expression in the weighting vector, we are able to obtain a wide range of particular types of POWAWA operators. Especially, when C1 = 1, we get the OWA operator; when C2 = 1, the weighted average, and if C3 = 1, we get the probabilistic aggregation.
2.4. The IOWA operator

The IOWA operator (Yager, 2003; Yager and Filev, 1999) is an extension of the OWA operator that uses order inducing variables in the reordering step. Thus, it is able to deal with complex reordering processes in the aggregation step. It can be defined as follows: 
Definition 3. An IOWA operator is a mapping IOWA: Rn ( Rn ( R that has an associated weighting vector W with wj ( [0, 1] and 
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where bj is the ai value of the IOWA pair (ui, ai( having the jth largest ui, ui is the order inducing variable and ai is the argument variable.
2.5. The UIGOWA operator

The UIGOWA operator (Merigó and Casanovas, 2011a) is an aggregation operator that generalizes the IOWA opperator by using generalized means and imprecise information assessed with interval numbers. It can be defined as follows.
Definition 4. Let Ω be the set of interval numbers. An UIGOWA operator of dimension n is a mapping UIGOWA: Ωn × Ωn ( Ω that has an associated weighting vector W of dimension n with wj ( [0, 1] and 
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where bj is the ãi value of the UIGOWA pair (ui, ãi( having the jth largest ui, ui is the order inducing variable, ãi is the argument variable represented in the form of interval numbers and ( is a parameter such that ( ( (((, (). 

As we can see, if λ = 1, we get the UIOWA operator. If λ → 0, the uncertain induced ordered weighted geometric (UIOWG) operator and if λ = 2, the uncertain induced ordered weighted quadratic averaging (UIOWQA) operator. Note that it is possible to further generalize the UIGOWA operator by using quasi-arithmetic means (Merigó and Casanovas, 2011a).
3. The uncertain induced generalized POWAWA operator
A more general aggregation operator that includes the previous ones as particular cases is the uncertain induced generalized POWAWA (UIGPOWAWA) operator. It provides a unified framework between the probability, the weighted average and the OWA operator. It also uses order inducing variables that deal with complex reordering processes and interval numbers that assess imprecise information. Furthermore, it also uses generalized means that generalizes a wide range of aggregation operators including arithmetic, quadratic and geometric aggregations. It can be defined as follows. 
Definition 5. Let Ω be the set of interval numbers. An UIGPOWAWA operator of dimension n is a mapping f: Ωn × Ωn ( Ω that has an associated weighting vector W, with 
[image: image13.wmf]1

1

=

å

=

n

j

j

w

 and wj ( [0, 1], a weighting vector V, with 
[image: image14.wmf]1

1

=

å

=

n

i

i

v

 and vi ( [0, 1], and a probabilistic vector P, with 
[image: image15.wmf]1

1

=

å

=

n

i

i

p

 and pi ( [0, 1], such that: 

 f ((u1,ã1(, …, (un,ãn() = 
[image: image16.wmf]l

l

l

l

l

l

/

1

1

3

/

1

1

2

/

1

1

1

~

~

÷

÷

ø

ö

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

å

å

å

=

=

=

n

i

i

i

n

i

i

i

n

j

j

j

a

p

C

a

v

C

b

w

C

,     (5)
where bj is the ãi value of the UIGPOWAWA pair (ui, ãi( having the jth largest ui, ui is the order-inducing variable, ãi is the argument variable represented in the form of interval numbers, C1 , C2 and C3 ( [0, 1] with 
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As we can see, it includes a wide range of particular cases such as:
· If C1 = 1, we get the UIGOWA operator.

· If C2 = 1, we get the UGWA.

· If C3 = 1, we get the UGPA.

· If C1 = 0, we form the uncertain generalized probabilistic weighted average (UGPWA).

· If C2 = 0, we form the uncertain induced generalized probabilistic OWA (UIGPOWA) operator.

· If C3 = 0, we form the uncertain induced generalized OWAWA (UIGOWAWA) operator.

Note that we can distinguish between descending and ascending orders by using wj = w*n(j+1, where wj is the jth weight of the DUIGPOWAWA and w*n(j+1 the jth weight of the AUIGPOWAWA operator.

The UIGPOWAWA is monotonic, bounded and idempotent. Note that with the UIGPOWAWA operator we get new boundary conditions based on the minimum and the maximum probabilistic weighted aggregation. That is boundary conditions that accepts the available information regarding probabilities and weighted averages.
Furthermore, it is also interesting to analyse particular cases of the UIGPOWAWA operator by using different representations in the weighting vectors. For example:
· The UGPOWAWA and all its particular cases (when the ordered position of ui is the same than the ordered position of bj such that bj is the jth largest of ãi).

· The arithmetic UGPWA aggregation (if wj = 1/n, for all j).

· The arithmetic UIGPOWA operator (if vi = 1/n, for all i).

· The arithmetic UIGOWAWA operator (if pi = 1/n, for all i).

· The double arithmetic UIGOWA operator (if pi = 1/n, for all i, and vi = 1/n, for all i).

· The double arithmetic UGWA operator (if pi = 1/n, for all i, and wj = 1/n, for all j).

· The double arithmetic UGPA (if vi = 1/n, for all i, and wj = 1/n, for all j).

· The uncertain generalized average (UGA) (if vi = 1/n, for all i, pi = 1/n, for all i, and wj = 1/n, for all j).

· The maximum UGPWA (wp = 1 and wj = 0, for all j ( p, and up = Max(ai().

· The minimum UGPWA (wp = 1 and wj = 0, for all j ( p, and up = Min(ai().

· The UIGPOWAWA Hurwicz criteria (w1 = (, wn = 1 ( ( and wj = 0, for all j ( 1, n).

· The step-UIGPOWAWA operator (wk = 1 and wj = 0, for all j ( k).

Note that other families of UIGPOWAWA operators could be studied following Merigó (2011a) and Yager (1993).

Moreover, if we analyze different values of the parameter (, we obtain another group of particular cases such as:

· The UIPOWAWA operator: When ( = 1.
· The geometric UIPOWAWA (UIPOWGAWA) operator: When ( → 0.
· The harmonic UIPOWAWA (UIPOWHAWA) operator: When ( = (1.
· The quadratic UIPOWAWA (UIPOWQAWA) operator: When ( = 2.
· The uncertain maximum: When ( → ∞.
· The uncertain minimum: When ( → −∞.
Note that many other families could be studied by using other values in the parameter ( and mixing different values of ( in the same aggregation by using a different value for the probability, the weighted average and the OWA.
Moreover, it is possible to further generalize the UIGPOWAWA operator by replacing the parameter ( by a strictly continuous monotonic function g(b). Thus, we are using quasi-arithmetic means in the analysis. In this case we form the uncertain induced quasi-arithmetic POWAWA (Quasi-UIPOWAWA) operator. It is defined as follows.

Definition 6. Let Ω be the set of interval numbers. A Quasi-UIPOWAWA operator of dimension n is a mapping QUIPOWAWA: Ωn × Ωn ( Ω that has an associated weighting vector W, with 
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where bj is the ãi value of the Quasi-UIPOWAWA pair (ui, ãi( having the jth largest ui, ui is the order-inducing variable, ãi is the argument variable represented in the form of interval numbers, C1 , C2 and C3 ( [0, 1] with 
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Note that the methodology concerning properties and particular cases explained in the UIGPOWAWA operator can also be applied in the Quasi-UIPOWAWA operator.
4. Application in group decision making
In this Section, we develop an application of the new approach in a group decision making problem concerning the selection of the optimal strategies of a company. For doing so, we develop a new multi-person aggregation operator that we call the multi-person UIGPOWAWA (MP-UIGPOWAWA) operator. Its main advantage is that it can deal with the information available in the UIGPOWAWA operator when several experts are giving their opinion regarding the same problem. It can be formulated as follows.

Definition 7. Let Ω be the set of interval numbers. A MP-UIGPOWAWA operator is a mapping MP-UIGPOWAWA: (Ωn)p × Ωn ( Ω that has a weighting vector X of dimension q with 
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where bj is the ãi value of the MP-UIGPOWAWA pair (ui, ãi( having the jth largest ui, ui is the order-inducing variable, 
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 is the argument variable provided by each person (or expert) in the form of an interval number, each argument ãi has an associated weight (WA) vi with 
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The MP-UIGPOWAWA operator accomplishes similar properties than those explained in Section 3. Thus, we can find as special cases the following ones:

· The multi-person - uncertain generalized average (MP-UGA) operator.

· The multi-person - UGWA (MP-FGWA) operator.

· The multi-person - UIGPOWA (MP-UIGPOWA) operator.

· The multi-person - UIGOWA (MP-UIGOWA) operator.

· The multi-person - UIGOWAWA operator.

· The multi-person - UGPOWAWA operator.

Next, we present a numerical example of this new approach in strategic management. Assume a company that operates only in Spain is planning its general strategy for the next year and considers 5 alternatives:
· A1 = Expand to the Portuguese market.

· A2 = Expand to the French market.

· A3 = Expand to the German market.

· A4 = Expand to the Italian market.

· A5 = Do not make any expansion.

In order to assess these strategies, the company has brought together three experts. This group considers that the key factor is the economic situation of the European Union and the World economy for the next period. They consider 5 possible states of nature that could happen in the future: 

· S1 = Very bad economic situation.

· S2 = Bad economic situation.

· S3 = Regular economic situation.

· S4 = Good economic situation.

· S5 = Very good economic situation. 

These three experts give their opinion regarding the potential results that may occur with each strategy by using interval numbers in the form of 2-tuples [a1, a2]. The results are shown in Tables 1, 2 and 3.

Table 1 Available strategies – Expert 1.

	
	S1
	S2
	S3
	S4
	S5

	A1
	[80, 90]
	[60, 70]
	[80, 90]
	[70, 80]
	[30, 40]

	A2
	[50, 60]
	[40, 50]
	[60, 70]
	[20, 30]
	[50, 60]

	A3
	[70, 80]
	[10, 20]
	[40, 50]
	[60, 70]
	[40, 50]

	A4
	[30, 40]
	[30, 40]
	[10, 20]
	[90, 100]
	[70, 80]

	A5
	[50, 60]
	[30, 40]
	[20, 30]
	[80, 90]
	[50, 60]


Table 2 Available strategies – Expert 2.

	
	S1
	S2
	S3
	S4
	S5

	A1
	[70, 80]
	[80, 90]
	[90, 100]
	[60, 70]
	[40, 50]

	A2
	[40, 50]
	[60, 70]
	[60, 70]
	[30, 40]
	[60, 70]

	A3
	[60, 70]
	[40, 50]
	[30, 40]
	[70, 80]
	[30, 40]

	A4
	[20, 30]
	[40, 50]
	[30, 40]
	[60, 70]
	[80, 90]

	A5
	[30, 40]
	[60, 70]
	[30, 40]
	[70, 80]
	[70, 80]


...
6. Conclusions

A new framework for group decision making under risk, uncertain and complex environments has been introduced. For doing so we have presented the UIGPOWAWA operator as a general aggregation operator that unifies the probability, the weighted average and the OWA operator in the same framework. Moreover, it also used generalized aggregation operators that include a wide range of particular cases including the arithmetic, geometric and quadratic aggregations. It also uses induced aggregation operators that represent complex reordering processes in the aggregation of the OWA operator. Furthermore, it also uses interval numbers in order to deal with imprecise information. We have studied some of its main properties and particular cases including the UIGOWA, the UIGOWAWA and the UGPWA operators. We have also presented a further generalization by using quasi-arithmetic means forming the Quasi-UIPOWAWA operator.

We have studied the applicability of this new approach in a group decision making problem regarding the selection of the optimal strategies. For doing so, we have introduced the MP-UIGPOWAWA operator as an aggregation operator that deals with the opinion of several experts in the analysis when using the UIPOWAWA operator. We have seen that with this new approach we get a more general picture of the decision making process being able to consider a wide range of scenarios and select the one in closest accordance with our interests.

In future research, we expect to develop further developments by using other types of aggregation operators including the use of unified aggregation operators, distance measures and norms. We will also consider other applications in decision making and in other areas including statistics, economics and engineering.
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